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Abstract

In this thesis we study singularity formation and long-time behaviour of families of coho-
mogeneity one Ricci flows.

In Chapter 1 we analyse the Ricci flow on Rt with n > 2, starting at some com-
plete bounded curvature SO(n + 1)-invariant metric go. We prove that the solution de-
velops a Type-II singularity and converges to the Bryant soliton after scaling if gy has no
minimal hyperspheres and is asymptotic to a cylinder. This proves a conjecture by Chow
and Tian about Perelman’s standard solutions. Conversely, we show that if gy has no
minimal hyperspheres but its curvature decays at infinity, then the solution is immortal.

In Chapter 2 we study the Ricci flow on R? starting at an SU (2)-cohomogeneity one
metric gy whose restriction to any hypersphere is a Berger metric. We prove that if g,
has no necks and is bounded by a cylinder, then the solution develops a global Type-II
singularity and converges to the Bryant soliton when suitably dilated at the origin. This is
the first example in dimension n > 3 of a non-SO(n)-invariant Type-II flow converging to
an SO(n)-invariant singularity model. We also give conditions for the flow to be immortal
and prove that if the solution is Type-I and controlled at spatial infinity, then there exist
minimal 3-spheres for times close to the maximal time.

In Chapter 3 we focus the analysis on the class of immortal Ricci flows derived in
Chapter 2. We prove that if the initial metric has bounded Hopf-fiber, curvature controlled
by the size of the orbits and opens faster than a paraboloid in the directions orthogonal to
the Hopf-fiber, then the flow converges to the Taub-NUT metric in the Cheeger-Gromov
sense in infinite time. We also obtain a uniqueness result for Taub-NUT in a class of

collapsed ancient solutions.
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Overview and main results

Motivations

In light of Klein’s Erlangen program, it is only natural that the study of symmetries has
played a fundamental role in geometry and hence in physics. According to this approach,
homogeneous spaces occupy a special position in the class of Riemannian manifolds since
their isometry groups act transitively. This rich structure generally comes with an intrin-
sic rigidity, which motivates the need to consider more flexible geometries. In this regard,
manifolds admitting isometry groups whose associated orbit spaces are 1-dimensional -
known as cohomogeneity one manifolds - have often proved to both enjoy the algebraic
tractability typical of homogeneous spaces and exhibit a more varied spectrum of geo-
metric phenomena. Although summarizing the role of cohomogeneity one manifolds is
beyond the purpose of this section, we mention a few highlights before focusing on the

Ricci flow aspect of the problem.

Page|[1978]] found the first example of an inhomogeneous Einstein metric with posi-
tive scalar curvature by considering cohomogeneity one metrics on CP? ﬁ@2. Many other
examples of cohomogeneity one Einstein manifolds with positive scalar curvature were
found afterwards - for instance Sakane|[1986]], Page and Pope|[1987]] - and we emphasize
the class discovered by Bohm [1998]] on low-dimensional spheres. In a slightly different
direction, Grove and Ziller [2002] showed that any cohomogeneity one manifold admits

a complete invariant metric with non-negative Ricci curvature.

Cohomogeneity one manifolds have also played a crucial role in the analysis of ge-
ometries with special holonomy. (Gibbons and Pope [1979] initially considered the prob-

lem of finding cohomogeneity one hyperkéhler 4-manifolds, which was ultimately solved
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by |Atiyah and Hitchin| [1985]. The first examples of complete Go—metrics were found
by Bryant and Salamon [[1989], who constructed a 1—parameter family of cohomogeneity
one complete metrics on the total space of a vector bundle over S°, S* and CP? respec-
tively. |[Foscolo and Haskins| [2017] later discovered the first complete inhomogeneous
nearly Kihler 6-manifolds by showing that S® and S® x S® admit cohomogeneity one

nearly Kéhler structures.

Symmetries have contributed significantly to the understanding of Hamilton’s Ricci
flow as well. Since the Ricci flow is invariant under diffeomorphism, whenever the prob-
lem admits a unique solution in some class, it follows that symmetries of the input data
persist along the solution. Accordingly, homogeneous and cohomogeneity one Ricci
flows have been analysed by several authors. In the homogeneous setting we now have
a clear picture of both finite-time singularity formation and long-time behaviour Lauret
[2013]], [Lafuente [2015]], Bohm! [2015]], Bohm et al.| [2017]], Bohm and Lafuente| [2018]].
In particular, any finite-time singularity of a homogeneous Ricci flow is Type-I and the
Riemann curvature and scalar curvature are comparable at the maximal time, in a pre-
cise way. Similarly, immortal homogeneous Ricci flows are always Type-III and their
blow-down is fairly understood. Therefore homogeneous Ricci flows are never Type-II
and exhibit a strong rigidity. The main goal of this thesis consists in providing evidence
that for cohomogeneity one Ricci flows one should instead expect Type-II singularities to
develop relatively easily - in the non-compact setting - both in the finite and infinite time

case.

The special family of rotationally symmetric manifolds has been particularly stud-
ied in the class of cohomogeneity one spaces - in fact, Brendle [2020] showed that any
3-dimensional non-compact k-solution is rotationally symmetric. The classical analysis
of Type-I singularities modelled on neckpinches was performed by Angenent and Knopf
[2004]] for spherically symmetric Ricci flows on S™. Moreover, until recently, the only
known examples of Type-II singularities in dimension n > 3 were SO(n)-invariant |Gu
and Zhu/ [2008], Angenent et al.| [2015], Wu| [2014]]. However, such Type-II Ricci flows
need to start at initial metrics satisfying very precise asymptotics. In Chapter 1 we show

that on R™™! the maximal complete, bounded curvature Ricci flow evolving from an
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SO(n + 1)-invariant metric without minimal hyperspheres always encounters a finite-
time Type-II singularity modelled by the Bryant soliton whenever the profile function of
the initial metric is bounded (cylindrical asymptotics) D1 Giovanni [2021b].

In the last few years the Ricci flow problem has been analysed on different families
of 4-dimensional cohomogeneity one manifolds that are not (necessarily) SO(4)-invariant
Bettiol and Krishnan| [2016], Isenberg et al. [2016, 2019], Appleton| [2019]], D1 Giovanni
(2020, [2021a]. In particular, Isenberg et al.[[2016, 2019]] studied the Ricci flow problem
on families of SU(2)-invariant metrics on S* x S* and 52 x.S? whose restrictions to any
principal orbit are Berger metrics and constructed examples of enhancement of the sym-
metries around a Type-I singularity. |Appleton| [2019] considered the Ricci flow in the
same symmetry class on the blow-up of C?/Z; at the origin. When k = 2, they showed
that, under additional assumptions on the warping coefficients, the Ricci flow develops
a finite-time Type-II singularity modelled on the ALE gravitational instanton given by
the Eguchi-Hanson metric. Independently, we studied the Ricci flow in the same class of
SU (2)-invariant metrics on the R*-topology and we obtained Type-II singularity forma-
tion by deriving the first example of symmetry enhancement around a Type-II singularity
in dimension n > 3. We also characterized under which assumptions the Ricci flow is
immortal |Di Giovanni [2020] (Chapter 2). We emphasize that the underlying topology
plays a role via the boundary conditions entering the Ricci flow analysis.

In Chapter 3 D1 Giovanni| [2021a] we prove that a large class of the immortal solu-
tions found in Chapter 2 develop a Type-1I(b) singularity at infinite-time by converging to
the ALF gravitational instanton given by the Taub-NUT metric (in the pointed Cheeger-
Gromov sense without rescaling). This is the first instance in dimension n > 3 of infinite-
time convergence to a Ricci-flat non-flat singularity model starting from metrics that need
not be close(asymptotic) to the limit one. As a by-product we derived a rigidity result
for a family of 4-dimensional ancient solutions that are strongly collapsed and are not

SO(4)-invariant.



Summary

This thesis is based on the following three articles D1 Giovanni [2021b, 2020, |2021a]:
1. Rotationally symmetric Ricci flow on R"*1 Adv. Math. 381, 2021.

2. Ricci flow of warped Berger metrics on R*, Calc. Var. 59(162), 2020.

3. Convergence of Ricci flow solutions to Taub-NUT, Commun. Partial. Differ. Equ.,
2021.

We first briefly review the theory of Ricci flow with an eye on the necessary back-

ground and context to present the main results in each chapter.

The Ricci flow

Assume that (), g) is an n-dimensional Riemannian manifold with Levi-Civita connec-
tion V. The Riemann curvature of g measures the noncommutativity of second derivatives

and is defined by
ng(X, Y, W, Z) = g(Vvaw - vayW + V[X,y}VV, Z),

for any vector field X, Y, W, Z on M. Given a local orthonormal frame {ey,...,e,}, the

Ricci tensor can be derived from the Riemann tensor by tracing as
Ric,(X,Y) 1= > Rmy(X,e;,Y,¢;).
=1

When the metric is clear from the context we usually simply write Rm and Ric for the
Riemann and Ricci curvature respectively.

Since in harmonic local coordinates the Ricci tensor satisfies

1
Ric;; = _§A(gij) + lower order terms,
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it is tempting to think of the Ricci curvature as an intrinsic nonlinear Laplacian of the
metric. In the seminal paper Hamilton| [1982], Hamilton introduced the Ricci flow as a
geometric evolution equation in which an input Riemannian structure (M, go) is evolved
according to

Gtg = — 2Ricg(t) .

In fact, the idea of deforming geometric quantities had also appeared in the harmonic
heat flow studied by [Eells and Sampson| [1964] and in the mean curvature flow originally

introduced by |Brakke [[1978].

While in principle alternative ways of evolving metrics could be investigated, the
formulation in Hamilton| [[1982] had two main advantages. First, in line with the local
interpretation of the Ricci curvature as a nonlinear Laplacian of the metric, the Ricci
flow represents the counterpart to the heat equation at the level of Riemannian structures.
Second, the Ricci flow equation is well-behaved from a PDE-point of view - a property
Hamilton exploited in their seminal work - although a gradient flow formulation was only

found some two decades later by Perelman| [2002].

Hamilton| [1982] showed that closed, simply-connected 3-manifolds with positive
Ricci curvature admit metrics of positive constant curvature and are hence equivalent
to 3-spheres in the category of smooth manifolds. This result set the foundations for a
program to study the topology of manifolds via deforming Riemannian metrics using the
Ricci flow that culminated in Perelman’s celebrated solution of the Poincaré conjecture
Perelman [2002, [2003alb]. Other important achievements of the Ricci flow theory are
given by the proof of the differentiable sphere theorem by Brendle and Schoen| [2009]

and the solution of the generalized Smale Conjecture by Bamler and Kleiner [2019].

Below we provide a brief overview of some important notions and results in the
Ricci flow literature that play a central role in the analysis we present in the main chapters.
We refer to Chow and Knopf [2004], [Topping| [2006], Chow et al.| [2007, 2008] and the

references therein for a thorough survey on the Ricci flow theory and its properties.



Existence theory

In the case of compact manifolds, the Ricci flow problem admits short-time existence and
uniqueness Hamilton|[1982]], DeTurck/[1983]]. In the more general setting of non-compact
manifolds, short-time existence was achieved by |Shi|[[1989]], while Chen and Zhu| [2006b]
showed that the solution is unique in the class of complete, bounded curvature solutions.
Since throughout this thesis we consider Ricci flows on non-compact manifolds, we state

the following:

Theorem 0.1 (Shi [[1989], Chen and Zhu [2006b]]). Let M be a non-compact manifold
equipped with a complete, bounded curvature metric go. There exists a unique maximal

solution to the Ricci flow starting at gy in the class of complete, bounded curvature metrics

on M.

According to the previous result and Shi| [1989]], given (M, go) as in the statement,
there exists a unique maximal Ricci flow solution (M, g(t)) evolving from go, with g(t) a

complete and bounded curvature metric for any ¢ € [0,7"), where 7' < oc if and only if
lim sup sup|Rmyg )| gy = 00.
t T M

We say that the Ricci flow (M, g(t)) develops a (finite-time) singularity when T < oo,

otherwise we call the flow immortal.

In the main chapters we are always interested in complete, bounded curvature (max-
imal) Ricci flow solutions on non-compact manifolds so that the existence theory and the

characterization of finite-time singularities apply.

Although this is not related to our work, we mention that extensions to the existence
and uniqueness theorem stated above have been investigated with remarkable results in

the case of surfaces Giesen and Topping [2013]], Topping [2015].



Ricci solitons
A gradient Ricci soliton is a Riemannian manifold (M, go) such that there exist A\ € R
and f : M — R smooth satisfying

_ A
Hess,, f + Ric,, + 590 = 0.

Gradient Ricci solitons give rise to self-similar solutions to the Ricci flow (we report the

statement in (Chow et al.| [2007]).

Proposition 0.2. Given a complete gradient Ricci soliton (M, go, fo, \), there exists a
solution g(t) of the Ricci flow starting at go, diffeomorphisms ¢(t) with p(0) = idy; and
functions f(t) with f(0) = fo defined for all t with T(t) := 1 + Xt > 0, such that

* dep(t)(x) = (r(t)) (Vo fo) (0(t) (2)),
* ft) = (1) fo

Definition 0.1. We say that the soliton is in canonical form when A\ = —1,0,+1, which

corresponds to the shrinking, steady, expanding case respectively.

As we will see below, Ricci solitons are fundamental objects in the analysis of Ricci
flow singularities and constitute fixed points of Perelman’s entropy functionals. In partic-
ular, shrinking and steady solitons are instances of ancient and eternal Ricci flow solutions

respectively.

Definition 0.2. A Ricci flow solution (M, g(t)) existing smoothly in the interval (—oo, w),

with w > 0, is called ancient. If w = oo, the solution is referred to as eternal.

Examples. Two solitons will frequently appear in the classification of singularity

models in the chapters below.

* The shrinking round soliton on the cylinder R x S, which exists for any negative

time and extinguishes at some positive finite time.
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* The Bryant soliton (R", gg,y, fary) Which represents, up to homothety, the only com-

plete SO(n)-invariant gradient steady soliton on R" Bryant [2005]].

Blow-up analysis of singularities

One of the key tool developed by Perelman is the no-local collapsing theorem. We first

recall the notion of collapsedness as defined in [Chow et al.| [2007].

Definition 0.3. Let k > 0. A solution to the Ricci flow (M™, g(t))o<i<r is said to be

strongly rk-collapsed at (py,to) € M™ x (0,T) at scale p > 0 if
(i) |Rmy (p)|gy < p2 forall p € By, (po, p) and t € [max{ty — p*,0},to], and

(it) voly(16) By(to) (Po; p) < Kp".

If instead given p > 0, for any to € [p?,T) and any py € M™ the solution ¢(t) is not
strongly k-collapsed at (py, to) at scale p, then we say that (M"™, g(t)) is (weakly) k-non-

collapsed at scale p.

We now state the no-local collapsing theorem as adapted to the non-compact setting

in |Chow et al.| [2007]).

Theorem 0.3 (Perelman’s no-local collapsing). Let (M™, g(t))o<t<T be a maximal com-

plete Ricci flow solution with T’ < oo. Assume that
(i) Supps(o,4,)|RmM[ < oo foranyt, <T, and
(ii) there exist 1 > 0 and vy > 0 such that vol,, By, (p, 1) > vy for all p € M.

Then there exists r depending on ry,vi,n, T, sup o 1/9|Ric| such that (M, g(t)) is
weakly rk-non-collapsed at any point (pg,to) € M x(T/2,T) and at any scale p < /T/2.

The importance of the no-local collapsing of the Ricci flow derives from the Cheeger-
Gromov-Hamilton’s compactness theorem. We refer to|Chow et al. [2007] for the defini-
tions of pointed Cheeger-Gromov convergence both in the static case and in the dynamic
setting of Ricci flow solutions. Below we let inj,(p) denote the injectivity radius of some

metric g evaluated at p.
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Theorem 0.4 (Hamilton’s compactness of Ricci flows). Let (M}, g;(t), p;)jen, witht €

(ar,w) 20, be a sequence of complete pointed Ricci flow solutions. Assume that

(i) There exists C > 0 such that sup; sup; y (o .)|Rmy|; < C and

(ii) injy (o) (pj) = 6 >0 forall j.

Then there exists a subsequence {j} such that (M;,, g;,(t),p;.) converges smoothly in
the pointed Cheeger-Gromov sense to a complete Ricci flow solution (My, goo(t), Poo)

defined in My, x (a,w).

Given a maximal Ricci flow solution (M, g(t))o<t<7, assume that 7' < oo. Then
the curvature does not stay bounded on the manifold as time approaches 7'. To better
understand the nature and type of singularity, one can consider a sequence of space-time
points (pj,t;) € M x (0,T), with t; T, such that \; := |Rm|(p;,t;) — oo and
study the sequence of parabolically rescaled Ricci flows (M, g;(t), p;) defined by g,(t) =
Ajg(t; + t(A;)71) on [=);t;,0]. In fact, one can pick the sequence in a way that the
condition (i) in Hamilton’s compactness theorem holds in some time interval ;, with (/;)
exhausting (—oo, 0] Hamilton|[1995]. Whenever the assumptions in Perelman’s no-local
collapsing theorem are satisfied, one can extract a uniform lower bound on the injectivity
radii as in (i1) of Hamilton’s compactness theorem and hence conclude via a diagonal
argument that (M, g;(¢), p;) converges to an ancient solution (M, go(t), Poo)i<o in the
pointed Cheeger-Gromov sense. Any ancient solution arising as the blow-up limit of Ricci
flow solutions is called a singularity model. By identifying and classifying singularity
models one can understand the formation of singularities and the behaviour of the flow
for times close to the maximal time.

From the rescaling conditions we derive that any singularity model of a finite-time
singular Ricci flow is k-non-collapsed at any scale, for some x > 0. In particular, we have

the following

Definition 0.4. A complete, bounded curvature ancient solution to the Ricci flow which
is k-non-collapsed at all scales, non-flat and has nonnegative curvature is called a k-

solution.
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The class of x-solutions play a crucial role in the understanding of singularity forma-
tion. Namely, Perelman proved that any 3-dimensional Ricci flow encountering a finite-
time singularity is modeled on a k-solution Perelman| [2002]. Recently, Brendle [2020]
showed that any non-compact x-solution in dimension 3 must be SO(3)-invariant, mean-

ing that it is either a family of shrinking cylinders or isometric to the Bryant soliton.

Classification of finite-time singularities

A (complete, bounded curvature) Ricci flow solution (M, g(t))o<i<7 Whose maximal time

of existence 1’ is finite can be classified as follows [Hamilton| [[1995]):

Type-I : sup |Rmg|qm (T —t) < o0,
Mx[0,T)

Type-Il:  sup |Rmyy|gu) (T —1t) = oo.
Mx[0,T)

Until recently, the main examples of finite-time Ricci flow singularities were of Type-I
Hamilton [1982], |Angenent and Knopf] [2004]]. In fact, any shrinking gradient soliton
encounters a Type-I singularity at some positive time. Such singularity formation is now
well understood thanks to results of Naber [2010] and Enders-Miiller-Topping Enders
et al.[[2011]. Since their characterization of Type-I singularities plays an important role
in ruling out formation of neckpinches in Chapters 1 and 2, we report one of the main

results in [Enders et al.| [2011]]:

Theorem 0.5 (Naber| [2010], Enders et al. [2011]). Let (M, g(t)) be a Type-I Ricci
flow in [0,T) and let p € M be such that there is no open set U > p with
SUPyefo,1) supy|Rmyq)| < oo. Then for any sequence \j — oo, the rescaled Ricci flows
(M, g;(t),p) defined on [—\;T,0) by g;(t) = X\jg(T + t(\;)~") subconverge to a (nor-

malized) non-flat gradient shrinking soliton in canonical form.

On the other hand, far less is known about Type-II singularities. In general, for a
Type-II Ricci flow satisfying the assumptions of Perelman’s no-local collapsing theorem
one can pick a blow-up sequence whose associated singularity model is an eternal solution

Hamilton! [[1995]. In terms of structural properties, we have the following:
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Theorem 0.6 (Hamilton! [[1993a]). An eternal solution (M, g(t));cr to the Ricci flow with
nonnegative curvature, positive Ricci curvature and scalar curvature attaining its supre-

mum at some point in space and time, is a gradient steady soliton.

In general, in dimension larger than three one has to verify directly that an eternal
singularity model satisfies the conditions above. We will review below existing examples

of Type-II singularities and present new classes of Type-II Ricci flows.

Classification of infinite-time singularities

The behaviour of a solution existing for all positive times has been classified as follows,

similarly to the finite-time case Hamilton|[1995]]:

Type-1I(b) :  limsup (Sup 1ﬁlng(t)b(t)) = 00,
‘oo M

Type-1I1 :  lim sup (Sup t|ng(t)|g(t)) < 0.
t /oo M

Several instances of Type-III singularities for the Ricci flow have been discovered,
both for compact manifolds [Lott and Sesum| [2014] and non-compact ones |Oliynyk and
Woolgar [2007]. In fact, some general classification results are available: Bamler [2018]]
proved that any closed 3-dimensional immortal Ricci flow encounters a Type-III singular-
ity, while Bohm| [2015]] showed that the same conclusion applies to any immortal homo-
geneous Ricci flow.

Conversely, few examples of Typell(b)-Ricci flows have been found. We will present

them below when discussing the main results of Chapter 3.

Main results

In Chapter 1 we analyse singularity formation for SO(n + 1)-invariant Ricci flows on
R, The highlight consists in proving that a large class of SO(n + 1)-invariant Ricci
flows develop a Type-II singularity modelled on the Bryant soliton. This proves a conjec-
ture by Chow and Tian about Perelman’s standard solutions.

Partly motivated by a numerical investigation in Holzegel et al.| [2007]] and the rigor-

ous analysis in |[senberg et al. [2016], in Chapter 2 we study the Ricci flow on a class of
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SU (2)-invariant metrics on R* whose restriction to any Euclidean hypersphere is a Berger
metric. We characterize the formation of finite-time Type-II singularities and, similarly to
the Type-I closed setting analysed in Isenberg et al. [2016], we show that the flow acquires
further symmetries around a singularity hence obtaining the first example in dimension
n > 3 of a non-SO(n)-invariant Type-II flow with an SO(n)-invariant singularity model
(Bryant soliton). We also provide conditions for the Ricci flow solution to be immortal.

Accordingly, in Chapter 3 we focus on a class of such immortal flows and show that
under optimal assumptions these solutions converge to the ALF gravitational instanton
given by the Taub-NUT metric in the pointed Cheeger-Gromov sense. As a by-product,
we obtain a uniqueness result for Taub-NUT in a class of strongly-collapsed ancient so-
lutions. We now report the main results in each chapter.

Convention. Unless otherwise stated, from now on we refer to an SO(n)-invariant

n-manifold as rotationally (spherically) symmetric.

Chapter 1

The first examples of Type-II singularities in dimension n > 3 were found by Gu and Zhu
[2008]], who studied a family of rotationally symmetric metrics on S™*!. Later Angenent,
Isenberg and Knopf proved that on S™*! there exist spherically symmetric Ricci flows
behaving as degenerate neckpinches|Angenent et al.|[2015]]. [Wu [2014] found rotationally
symmetric solutions on R"*! which encounter a Type-II singularity and converge to the
Bryant soliton under a strong control on the profile function.

We show that a large class of rotationally symmetric Ricci flows on R"*! develop a

finite time Type-II singularity modelled on the Bryant soliton Bryant| [2005]].

Theorem 0.7. Let (R™!, g(t))o<i<7, With n > 2, be the complete, bounded curvature
Ricci flow solution evolving from a rotationally symmetric metric go. If (R", go) does
not contain minimal hyperspheres and qq is asymptotic in C° to a round cylinder at infin-
ity, then the solution develops a Type-II singularity at'I' < oo and converges to the Bryant

soliton in the Cheeger-Gromov sense once suitably rescaled.

We note that the lack of minimal hyperspheres means that the profile function of the

rotationally symmetric metric gy is monotone increasing, so that the condition of being
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asymptotic to a round cylinder is equivalent to the profile function of g, being bounded.

As a consequence of the result above, we are able to give an affirmative answer to
a conjecture by Chow and Tian [Wu, 2014, Conjecture 1.2] about Perelman’s standard
solutions. A 3-dimensional version of the conjecture was proved by Ding [2009]].

We also study the behaviour of the solution when instead of cylindrical asymptotics
we assume a curvature decay at spatial infinity. We recall that Oliynyk and Woolgar
[2007] proved that on R™*! if g, is rotationally symmetric, asymptotically flat and has no
minimal embedded hyperspheres, then the Ricci flow solution starting at g, is immortal.
We extend this result to initial data that may not be close to the Euclidean metric outside

some region.

Theorem 0.8. Ler (R™, g(t))o<i<7, with n > 2, be the complete, bounded curvature
Ricci flow solution evolving from a rotationally symmetric metric gg with curvature de-
caying at infinity. If (R™, go) does not contain minimal hyperspheres, then the solution

is immortal.

We finally also relate the formation of Type-I singularities to the existence of suf-
ficiently pinched necks (minimal hyperspheres). We report the result informally and we

refer to Chapter 1 for the complete and precise statement.

Theorem 0.9. Let (R™™ g(t))o<i<r, with n > 2, be the complete, bounded curvature
Ricci flow solution evolving from an asymptotically flat rotationally symmetric metric go
containing a neck. Assume that Ricy, > 0 is positive around the origin and that R4, > 0
on R, If the neck is sufficiently pinched, in a precise way, then the solution develops a

Type-I singularity which is modelled on a family of shrinking cylinders.

Chapter 2

Only recently explicit examples of non-rotationally symmetric Type-II Ricci flows in di-
mension n > 3 have been found |Appleton|[2019], |Stolarski| [2019]], D1 Giovanni [2021b]].
We briefly review the family of metrics used as initial data for the flow. Any complete

metric g which is both invariant under the cohomogeneity one left-action of SU(2) on R*
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and under rotations of the Hopf-fibres can be diagonalized with respect to a fixed Milnor

frame and hence be written, away from the origin, as:
g = ds® + b*(s) T gs2(1) + (s) o3 @ 03,

where s is the g-distance from the origin, 7* 9s2(L) is the pull-back of the Fubini-Study
metric under the Hopf map, and o3 is the one-form dual to the vector field tangent to the
Hopf-fibres. In line with Isenberg et al. [2016] we also assume that ¢ < b so that each
non-degenerate fiber {s} x S® is a Berger sphere and we call any such metric warped

Berger.

Definition 0.5. We let G be the set of complete, bounded curvature warped Berger metrics

go on R* satisfying the following conditions:

(i) by > 0, H > 0, where H(r) is the mean curvature of the centred Euclidean sphere

of Euclidean radius r with respect to g.

(ii) sup,ega b(p) < oo.

We note that the condition in (i) is weaker than asking for both b and ¢ to be monotone
and amounts to ruling out formation of necks. We now summarize the main results about
Ricci flows in G. Below 0 and Ry ;) denote the origin in R* and the scalar curvature of the

solution at time ¢ respectively.

Theorem 0.10. Ler (R*, g(t))o<i<1 be the maximal complete, bounded curvature solu-
tion to the Ricci flow starting at some gy € G. Then the solution encounters a Type-I11

singularity at some ' < oo and the following conditions hold:

(i) (The Bryant soliton appears at the origin.) There exists t; ,/* T such that the
rescaled Ricci flows (R, g;(t),0) defined by g;(t) = Ry,)(0)g(t; 4 (Ry,)(0))'t)

converge to the Bryant soliton in the Cheeger-Gromov sense.

(ii) (The singularity is global.) For any p € R* we have

lim sup (|ng(t)|g(t) (p)) = 0.
¢t T
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(iii) (Type-I blow-up at infinity.) For any t; /T there exist a sequence {p;} and o > 0
such that dg,(0,p;) — oo, (T' — t;)Rew,)(p;) < «, and the rescaled Ricci flows
(R, g;(t), p;) defined by g;(t) = Ry, (pi)g(t; + (Rg(tj)(pj))*lt) converge to the

self-similar shrinking cylinder in the Cheeger-Gromov sense.

Next, we show that the long-time property is satisfied by a class of warped Berger

metrics whose curvature decays at infinity.

Definition 0.6. We let G, be the set of complete warped Berger metrics g on R* with

positive injectivity radius and satisfying the following conditions:
(i) bs >0, H > 0.

(ii) |Rmy|,(s) — 0 as s — oo and there exist i > 0 and sy > 0 such that c(s) >  for

any s > Sg.
We prove the following:
Theorem 0.11. Any complete, bounded curvature Ricci flow starting in G, is immortal.
We finally relate the formation of Type-I singularities to minimal 3-spheres.

Theorem 0.12. Let (R*, g(t))o<i<7 be the complete, bounded curvature Ricci flow evolv-
ing from a warped Berger metric gy with positive injectivity radius and curvature decaying
at infinity. If g(t) develops a Type-I singularity at T < oo, then there exists § > 0 such
that (R*, g(t)) contains minimal embedded 3-spheres for any t € [T — 6, T).

Chapter 3

If a Ricci flow solution develops a Type-III singularity and converges smoothly with-
out rescaling in the Cheeger-Gromov sense to some limit, then such limit must be flat.
Since Ricci-flat metrics represent fixed points for the flow, it is tempting to investigate
when Ricci-flat non-flat metrics appear as Type-I1(b) singularity models of immortal Ricci
flows. In this regard, few results are available and most of them are stability properties

Haslhofer and Miiller| [[2014]], Deruelle and Kronckel [2020].



16

In a slightly different direction, Marxen| [2019] recently generalized earlier work of
Hamilton to prove that if (N, gy ) is closed and Ricci-flat, then a class of warped product
solutions to the Ricci flow (R x N, g(t)), of the form g(t) = k*(r,t)dr? + f(r,t)gn,
converge to (R x N,dr? + c*gy), for some ¢ > 0, whenever the initial condition is
asymptotic to the target Ricci-flat metric. One of the main contributions of Chapter 3
consists in proving that a large class of metrics in the set G, as defined above converge
to the gravitational instanton given by the Taub-NUT metric Hawking| [1977]

1 2m~! 02 r? 2m~t\ |, m?
grwr = e (1 == ) 4+ (14 == | M52 + g 03 O 0w,

T

for some parameter m which we call the mass of gryyt and which measures the inverse
of the finite size of the Hopf-fiber at spatial infinity. We note that the stability result in
Deruelle and Kroncke| [2020] does not apply to the Taub-NUT metric which is not ALE.

We first introduce the class Gar.

Definition 0.7. The class Gar consists of all complete warped Berger metrics g on R*

with monotone warping coefficients satisfying

sup (dg(o,p))2+€ [Rm,|,(p) < oo,
pcR4

for some € > 0. A metric g € Gar is called asymptotically flat.

We prove that the long-time behaviour of Ricci flows starting in Gar only depends
on the mass - i.e. the inverse of the size of the Hopf-fiber at spatial infinity.

In the following we say that a solution converges to a Ricci-flat metric g, on R*
in the pointed Cheeger-Gromov sense as ¢t " oo if for any ¢; ,* oo the sequence
(R*, g;(t),0), defined by g;(t) = g(t; + t), converges to (R* g..,0) in the pointed

Cheeger-Gromov sense.

Theorem 0.13. Let (R*, g(t))i>0 be the maximal solution to the Ricci flow starting at

some gy € Gar and let the mass of gy be (supga c) L.

(i) If go has positive mass m, then g(t) encounters a Type-1I(b) singularity and con-

verges to the Taub-NUT metric of mass m in the pointed Cheeger-Gromov sense as
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t oo

(ii) If go has zero mass, then the solution encounters a Type-III singularity and con-

verges to the Euclidean metric in the pointed Cheeger-Gromov sense ast /* co.

The result above and its generalization below provide a rigorous frame for addressing
the questions raised in [Holzegel et al.|[2007] on the R*-topology.

Appleton| [2018] proved that on R* there exists a warped Berger gradient steady
soliton with monotone coefficients, bounded Hopf-fiber and coefficient b in the directions
orthogonal to the Hopf-fiber opening as fast as a paraboloid in R3. Namely, the soliton

satisfies the asymptotics:
c(s) ~ constant, b(s) ~ /s.

Consequently, we cannot expect initial data opening with arbitrary speed to converge
to grnuT along the flow. We show that the soliton represents a sort of lower barrier for the

convergence to Taub-NUT in infinite-time. Namely, let us consider the following sets.

Definition 0.8. For all 0 < k < 1, the class Gy, consists of all complete warped Berger

metrics g with monotone coefficients satisfying:
(i) 0 < liminf, . bsb*(s) < limsup, .. bsb¥(s) < oo,
(ii) sup,eps (b*[Rmyly) (p) < o0,
(iii) sup,egs c¢(p) < o0.

We note that if g € Gy, then the warping coefficient b grows like s*+1, meaning that
the projection of g on the base space via the Hopf-map opens faster than a paraboloid in
R3. In particular, it follows that any metric in Gar with positive mass is also in G,. Below

we still call mass the inverse of the size of the Hopf-fiber at spatial infinity.

Theorem 0.14. Ler (R*, g(t))i>0 be the complete, bounded curvature solution to the Ricci
flow starting at some gy € Gy, with mass m > 0. Then g(t) converges to the Taub-NUT

metric of mass m in the pointed Cheeger-Gromov sense ast ,/* co.
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We point out that the result is in some sense optimal because from the existence of
the soliton we derive that the theorem does not generalize to initial data opening as fast as
a paraboloid in the directions orthogonal to the Hopf-fiber. We deduce the convergence
property by showing that any maximal Ricci flow solution starting in G, develops a Type-

II(b) singularity modelled by an ancient solution satisfying the conditions below.

Definition 0.9. Let m > 0. The class A consists of all complete, warped Berger ancient
solutions to the Ricci flow on R* with monotone coefficients and curvature uniformly

bounded in the space-time, satisfying

f

—

2

bs >

[eRIS

sup c¢= m~!

R4 x (—00,0]
for some continuous positive function f such that f(z) — oo as z — oc.

We note that the class .A describes ancient solutions opening faster than a paraboloid

in the directions orthogonal to the Hopf-fiber. We prove a rigidity property.
Theorem 0.15. The Taub-NUT metric is the only ancient solution in A.

Once again the result is optimal because the existence of the gradient steady soliton
found by Appleton highlights that we cannot drop the requirement on f to diverge in
space-time regions where the roundness ratio ¢/b becomes degenerate. The rigidity result
applies to possible collapsed infinite-time singularity models and indeed, given x > 0,
there exist p € R* and p > 0 such that gryyT is x-strongly collapsed at p for all scales

larger than p.



Chapter 1

Rotationally symmetric Ricci flow on

Rn—l—l

In this chapter we study the Ricci flow on R"*!, with n > 2, starting at some complete,
bounded curvature rotationally symmetric metric go. We first focus on the case where
(R™"! go) does not contain minimal hyperspheres. We prove that if g, is asymptotic to
a cylinder, then the solution develops a Type-II singularity and converges to the Bryant
soliton after scaling, while if the curvature of gy decays at infinity, then the solution is
immortal. As a corollary, we prove a conjecture by Chow and Tian about Perelman’s
standard solutions. We then consider a class of asymptotically flat initial data (R"*1, gq)
containing a neck and we prove that if the neck is sufficiently pinched, in a precise way,

the Ricci flow encounters a Type-I singularity.

1.1 Introduction

We recall that the first examples of Type-II singularities in dimension three or higher were
produced by Gu and Zhu [2008], where they studied a family of rotationally symmetric
metrics on S™"1. Later Angenent, Isenberg and Knopf proved that on S™! there ex-
ist Ricci flows which behave like degenerate neckpinches, with the singularity modelled
on the Bryant soliton /Angenent et al. [2015]]. Similarly, Wu| [2014] found rotationally
symmetric solutions on R"*! which encounter a Type-II singularity and converge to the
Bryant soliton Wu| [2014]]. This result only applies to initial data whose profile function

converges uniformly to that of the Bryant soliton near the origin.
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We show that a large class of rotationally symmetric Ricci flows on R™*! develop a

finite time Type-II singularity modelled on the Bryant soliton Bryant| [2005]].

Theorem 1.1. Let (R™™!, g(t))o<i<7, With n > 2, be the complete, bounded curvature
Ricci flow solution evolving from a rotationally symmetric metric go. If (R™, g) does
not contain minimal hyperspheres and qq is asymptotic in C° to a round cylinder at infin-
ity, then the solution develops a Type-II singularity at'I' < oo and converges to the Bryant

soliton in the Cheeger-Gromov sense once suitably rescaled.

According to Theorem [I.1] in the rotationally symmetric case the cylindrical be-
haviour at infinity determines the dynamics of the flow as long as there are no minimal
hyperspheres. In fact, if gy does not contain minimal hyperspheres, then g is asymptotic
to a round cylinder if and only if its profile function is bounded. In light of this, one might
expect that if instead the curvature of gy decays at infinity then the solution evolving from
go should be immortal. In this direction Oliynyk and Woolgar [2007] proved that on R™*!
if go is rotationally symmetric, with stronger than quadratic decay of the curvature and
with no minimal embedded hyperspheres, then the Ricci flow solution starting at g, is
immortal. Our second result extends the long-time existence property to initial data that

need not be close to the Euclidean metric outside a compact region.

Theorem 1.2. Let (R™, g(t))o<i<7, with n > 2, be the complete, bounded curvature
Ricci flow solution evolving from a rotationally symmetric metric gg with curvature de-
caying at infinity. If (R", go) does not contain minimal hyperspheres, then the solution

is immortal.

It might be worth comparing the result of Theorem with Corollary 5 in|Cabezas-
Rivas and Wilking [2015]], where they show that any n-dimensional Ricci flow starting
at a complete metric with nonnegative complex sectional curvature and volume growth
faster than "2 is immortal. Any rotationally symmetric metric on R"*! has nonnega-
tive curvature operator if and only if has nonnegative Ricci curvature. In particular, the
condition of nonnegative complex sectional curvature implies that the radius function is
concave and hence that is monotone. As soon as we start the flow, by strong maximum

principle we find that there are no minimal hyperspheres - which is equivalent to the
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strict monotonicity of the radius function - and hence we either have a bounded radius
(cylindrical asymptotics) or an unbounded radius (faster than linear volume growth). In
particular, in the latter case the curvature decays to zero at spatial infinity meaning that
the conditions of Theorem [I.2] are satisfied. Therefore, the previous theorem recovers in
particular Corollary 5 in (Cabezas-Rivas and Wilking [2015] in the SO(n + 1)-invariant
case on R,

Indeed, we derive a simple application of Theorem|[I.I]and Theorem [I.2] consisting
in a classification of rotationally invariant Ricci flows with nonnegative bounded curva-

ture.

Corollary 1.3. Let (R", g(t))o<i<, with n > 2, be the complete, bounded curvature
Ricci flow solution evolving from a rotationally symmetric metric g, with nonnegative
curvature. Then T < oo if and only if gy is asymptotic in C° to the round cylinder
R x S™(ry), for some ry > 0. In this case T only depends on n and 1y and the solution

develops a global Type-II singularity modelled on the Bryant soliton once suitably dilated.

Chen and Zhu already proved that any Ricci flow as in Corollary [I.3] develops a
global singularity at some 7' only depending on the radius of the cylinder asymptotic to
the initial metric [Chen and Zhu, [2006a, Theorem A.1] (see also Proposition [I.22]).

The classification of nonnegatively curved rotationally symmetric Ricci flows also
leads to a better understanding of standard solutions. Perelman| [2003b] introduced the
notion of standard solutions on R? by evolving metrics obtained from gluing a hemi-
spherical cap region to a round cylinder of scalar curvature one. Standard solutions were
used to describe the behaviour of the flow after performing surgery. Lu and Tian| gener-
alized Perelman’s standard solutions by considering Ricci flows on R"*! starting at some
rotationally symmetric metric with nonnegative curvature, sufficiently bounded geometry
and asymptotic to a round cylinder (see Definition|[I.2)). Chow and Tian have conjectured
that any standard solution in the sense of |Lu and Tian|develops a Type-II singularity mod-
elled on the Bryant soliton once suitably dilated [Wu, 2014, Conjecture 1.2]. Wu gave
evidence in favour of this conjecture by showing that there exist some standard solutions
converging to Bryant solitons.

Corollary [I.3| provides an affirmative answer to the Chow-Tian conjecture.
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Corollary 1.4 (Chow-Tian Conjecture). Sequences of appropriately scaled standard so-
lutions (as defined in |Lu and Tian) with marked origins converge to Bryant solitons in a

suitable sense.

A three dimensional version of this result was proved by Ding| [2009].

We point out that the notion of standard solutions discussed in Lu and Tian|does not
require the curvature to attain a maximum. If instead we also assume a pinching con-
dition where the radial sectional curvature K is bounded from above by the spherical
sectional curvature L, then Corollary and the recent classification of (rotationally
symmetric) x-solutions obtained by Brendle| [2020] and L1 and Zhang [2018] guarantee
that by blowing up the standard solution at the origin 0 € R™*! along any time sequence

approaching the maximal time one obtains the Bryant soliton in the limit.

Corollary 1.5. Let (R™, g(t))o<i<1 be a standard solution to the Ricci flow (as defined
in\Lu and Tian)) starting at go. If K,, < Ly, then foranyt; /T the rescaled standard so-
lutions (R"*, g;(t),0) defined on [—Ry(;,y(0)t;,0] by g;(t) = Ry, (0)g(t;+t/ Ry, (0))

converge to the Bryant Soliton (up to scaling).

According to/Angenent and Knopf|[2004] the conclusion of Theorem|[I.2]should gen-
erally fail if (R"™!, g,) contains minimal hyperspheres. In fact, in Oliynyk and Woolgar
[2007] it was expected that if gy is asymptotically flat and contains minimal embedded
hyperspheres forming a neck region which is sufficiently pinched, then the Ricci flow
starting at gy develops a Type-I singularity caused by the radius of the neck going to zero
in finite-time. Conversely, if the pinching is mild, then the neck should disappear in finite
time and the flow should hence be immortal. By extending the analysis in|/Angenent and
Knopf| [2004] to R™"! we are able to confirm such expectation. We consider the Ricci

flow evolving from an asymptotically flat metric gy of the form

go = & (r)dr @ dr + ¢3(r)gsn,

where gg is the constant curvature one metric on S™. We say that gy has a neck region if

¢o has a local maximum at some radial coordinate ; and a local minimum at some radial
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coordinate o > ;. Following |Angenent and Knopf| [2007] the pinching of the neck is
then given by the ratio between the radii ¢o(r1) and ¢g(rs).
The statement below is a weaker version of our result and we refer to Theorem

for a complete statement containing the cylindrical asymptotics.

Theorem 1.6. Let (R™, g(t))o<i<7, with n > 2, be the complete, bounded curvature
Ricci flow solution evolving from an asymptotically flat rotationally symmetric metric g

containing a neck region (r1,12) X S". Assume that Ric,, > 0 on the closed Euclidean

ball B(o,r1) and that Ry, > 0 on R""'. Let 3 be defined as
B = R}Pfl ¢3(L90 - Kgo)a

and let \ > 0 satisfy
n+1-—26

A2 >
n—1

+ 1.

If po(r1) > Apo(r2), then the solution develops a Type-I singularity which is modelled on
a family of shrinking cylinders.

Finally, we show that there exist examples of necks that disappear in finite time
along the Ricci flow. The next result follows by combining the adaptation of |Angenent
and Knopf| [2004] to R™™! and the stability result for the Euclidean metric proved by

Schniirer, Schulze and Simon in [Schniirer et al.| [2008]].

Proposition 1.7. There exists g = £o(n) > 0 such that if gy is an asymptotically flat
rotationally symmetric metric which has a neck and is y-close to the Euclidean metric
on R""Y, then the maximal Ricci flow solution g(t) evolving from gy is immortal and the

neck disappears in finite time.

Outline

In Section 1.2 we discuss some preliminaries and we prove a few basic estimates. In Sec-
tion 1.3 we analyse rotationally invariant Ricci flows on R”™! with no minimal embedded
hyperspheres. We show that by Angenent]| [[1988]] no minimal hyperspheres appear along
the flow and that the curvature is controlled via lower bounds for the radius ¢ as in |An-

genent and Knopf|[2004]. In Section 1.4 we prove that under the assumptions of Theorem
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[I.1]the flow develops Type-II singularities. The main ingredients are the characterization
of Type I flows in [Enders et al. [2011] and the classification of locally conformally flat
shrinkers in Zhang [2008]. The appearance of the Bryant soliton follows from Hamilton
[1993a]] and |Cao and Chen| [2012]], or alternatively from the recent classification of (ro-
tationally symmetric) x-solutions in Brendle| [2020] and L1 and Zhang [2018]. We then
show that in the setting of Theorem any (potential) singularity model is a k-solution
with positive asymptotic volume ratio. According to Perelman|[2002], the latter property
implies that any Ricci flow as in Theorem [I.2]is immortal. Section 1.5 is devoted to clas-
sifying nonnegatively curved rotationally symmetric Ricci flows on R"™!, with focus on
studying the singularities of standard solutions. In Section 1.6 we extend the analysis in
Angenent and Knopf [2004] to R"*! to prove Theorem (restated in Theorem and
we outline how the examples of initial data constructed in |Angenent and Knopf| [2004]
may be modified to provide analogous initial data for which Theorem applies. We
derive cylindrical asymptotics for the neckpinch following Isenberg et al.| [2016]]. Finally,
using [Schniirer et al. [2008]] we provide examples of initial data with necks that evolve to

metrics with no minimal embedded hyperspheres in finite time.

1.2 Preliminaries

Let n > 2 be an integer. Away from the origin, any rotationally symmetric metric on
R"™"! is of the form

g =& (r)dr @dr+ ¢*(r)gsn (1.1)

where gg» is the standard metric of constant curvature one on S™ and &, ¢ are smooth
functions on (0, +00). If we introduce the geometric coordinate s representing the g-

distance from the origin, then g extends smoothly to the origin if and only if

2%k
lim u(s) =0, lim—(s)=1, (1.2)

s—0 ds2k

for any £ > 0. From now on we assume that (|1.2)) is satisfied so that we can write g as

g=ds®ds+ ¢*(s)gsn. (1.3)
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In the following we always regard ¢ = ¢(s) = ¢(s(r)) as a function of the variable r
(and of time for solutions to the Ricci flow). The spatial derivative with respect to s is

therefore intended to be the vector field
Oy = —0,. (1.4)

We adopt the same notations as in |Angenent and Knopf| [2004]. For any metric g of the
form (1.3) we denote the sectional curvatures of the 2-planes perpendicular to the fibers
{r} x S™ and of the 2-planes tangential to these fibers by K and L respectively. From
the rotational symmetry it follows that the curvature of g is entirely described by K and

L which are given by
_Pss L= 14}

K = , = (1.5)
¢ ¢?
By tracing we get the formulas for the Ricci tensor and the scalar curvature:
: s
Ric, = —n= (ds)® + (=dpss + (n — 1)(1 — ¢2)) gsn, (1.6)
qbss 1— ¢2)
Ry=n|-2—+(n-1 = ). (1.7)
J=n (22 -t

1.2.1 Derived equations

Let go be a complete rotationally symmetric metric on R™™! of the form (T.3)). If gy has
bounded curvature then there exists a solution g(t) to the Ricci flow starting at go |Shi
[1989] and this solution is unique in the class of complete solutions with bounded curva-
ture on compact subintervals (Chen and Zhu! [2006b]. By the Ricci flow diffeomorphism
invariance and the uniqueness result in Chen and Zhu|[2006b] such solution preserves the

rotational symmetry and we may write g(¢) as

g(t) = E(r,t) dr @ dr + ¢*(r,t)gsn = ds @ ds + ¢*(s,t)ggn, (1.8)
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where s = s(r,t) is the time-dependent g(t)-distance from the origin. From (1.6) we

derive the evolution equations for &

&—nﬁ% (1.9)

and for the radius ¢
1-¢3
5

Since the geometric variable s depends on time, we have a non-vanishing commutator

between O, and 0;. By (1.9) we get

Py = g5 — (n— 1) (1.10)

Pss

Os. 1.11
n 5 (L.1D)

[0, 0s] = {@, g((z—t)} = —(log&),ds = —

Using the commutator formula and (I.10) we compute the equations for the first derivative

of ¢

(61 = (@) + 26060 + (0 — 1) "2 (1.12)
s)t — S)8s ¢ s)s ¢2 s .
and for its second derivative
Ps 25 @7 1 P2(1 — ¢2)
ss)t — ss)ss 2 ss)s - 4 _5 sS 85_2
(Pss)e = (Pss)ss+(n— )¢(¢) 5 (4n )¢2¢ ¢¢ (n—1)—=—35—= o
(1.13)
Similarly to|Angenent and Knopf [2004] we introduce the quantity
A= (L - K) = ¢pss +1— 6, (1.14)

which is a scale-invariant measure of the difference between the spherical sectional cur-
vature L and the radial sectional curvature K. From [Angenent and Knopf, 2004, Lemma

3.1] it follows that the quantity A evolves by

A=Ay + (n— )Q;"’ —4(n—1)¢§A (1.15)
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We also write the expression for the Laplacian along the flow: for any smooth radial map

f the Laplacian associated with the solution to the Ricci flow at time ¢ is given by

s

A:ssn_
ff+¢

fs- (1.16)

1.2.2 Basic estimates

We dedicate the end of this section to proving general bounds for rotationally invariant
Ricci flows on R™"1. We first show that we can control the curvature of the Ricci flow
solution via lower bounds for the radius ¢. The following property is analogous to [An-

genent and Knopf, 2004, Lemma 7.1].

Lemma 1.8. Let (R"™, g(t))o<i<1 be the complete, bounded curvature Ricci flow solu-
tion evolving from a rotationally symmetric metric go. Let U C R"*! and assume that
¢*|Rmyp) |,y < C along the parabolic boundary of U x [0,T) for some C > 0. Then
P*|Rmy(p g0y < C"in U x [0, T) for some C' € [C, 00).

Proof. It suffices to show that ¢(|L| +|K|) < C"in U x [0, T), with K and L as in (T.3)).
Since ¢*L = 1 — ¢? is uniformly bounded along the parabolic boundary of U x [0, 7)),
by the evolution equation (I.12) we deduce that ¢4 cannot diverge in U x [0,7") along a
sequence of interior maxima (minima). Explicitly, at any sufficiently large positive maxi-
mum we get 9y (Tmax, t) < 0.

We now consider the quantity A defined in (I.14). By assumption A is controlled along
the parabolic boundary of U x [0, 7). From standard applications of the maximum prin-
ciple to (I.15) we get that A is then bounded in U x [0,7). We may conclude that
$*K = ¢*L — A is uniformly bounded in U x [0, T'), which completes the proof. 0

When the scale-invariant estimate in Lemma(I.§]is satisfied on a given region as long

as the solution exists then we can always define a limit (possibly degenerate) radius.

Lemma 1.9. Ler (R", g(t))o<i<r be the complete, bounded curvature Ricci flow so-
lution evolving from a rotationally symmetric metric gy. Assume that T' < oo and that
P*|Rmyp) g0y < C, for some C > 0, on U x [0, T), where U C R". Then foranyp € U

the limit lim; ~p ¢(p, t) exists finite.
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Proof. From (I.10) we derive that for any p € U we have

10:(6)|(p) = [206ss — 2(n — 1)(1 = ¢7)|(p) = |-20"K —2(n — 1)¢°L|(p) < C.

Therefore the function ¢(p, -) is Lipschitz in [0, 7") and the conclusion follows. O

We finally prove that lower bounds for the scale-invariant quantity A defined in (I.14)

are preserved along the Ricci flow. In the following o denotes the origin of R,

Lemma 1.10. Let (R™ g(t))o<i<7 be the complete, bounded curvature Ricci flow solu-
tion evolving from a rotationally symmetric metric go. If A(-,0) > —f3, for some 3 > 0,

then A(-,t) > —( foranyt € [0,T).
Proof. We first check that the radius ¢ has a positive lower bound away from the origin.

Claim 1.11. Foranyrq > 0 andty < T there exists a positive § depending on the solution
and on o and ty such that ¢ > § in (R"*\ B(o,rg)) x [0, to].

Proof of Claim[I.T1} Let oy = sup|Rmy,|,,. Given ro > 0, if ¢*(r,0) < (2a9)~* for all
r > ro then we have

1= 621(r.0) < a0d?(r,0) < 3.
which then implies that ¢(r,0) — oo, but that is not possible. Therefore, we deduce that
there exists a sequence 7; — oo such that (7, 0) > (2c)~*. Assume for a contradiction
that there exists a sequence 7; — oo such that ¢(7;,0) < (2ag)~*. After reordering

the sequences, we derive that there exists a sequence of local minima 7; — oo such that

P(74,0) < (2c9) . It follows that
- . 1
1= 62175, 0) = 1 < agg?(75,0) < 5.

We conclude that ¢(r,0) > § > 0 for some 0 for all » > . Finally, we note that given

to < T, since the curvature is uniformly bounded by some a(ty) in R"*! x [0, ¢,], then

09 > —a(to) o,

which gives the desired lower bound after integration. [
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For any ¢t < T there exists a(t) > 0 such that |pss| < a¢. Thus ¢ and ¢, are
exponentially bounded, which implies that ¢ is exponentially bounded. In particular,
given to < T there exist M = M(ty) and a = «(to) such that |A(s,t)| < M exp(as)
for any ¢t € [0, to]. Let &,  and ~y be positive constants to be chosen below. We define the

lower barrier
2

(5,8) > W(s, 1) iaexp<1int +7t>. (1.17)

Using (1.15) we can write the evolution equation of A=A+ B+Wfor0<t<1 /2n as

2
Az (A (0= 0% (A), — aln - D5 A
+ W 2 —4) + (1 —nt)* + (1 —nt)(280;5 — 2 — (n — 4)%25) :
(1 —nt)? ¢
By distortion estimates of the distance function there exists C' = C/(t;) such that

s > —Cs in R™ x [0, min{to, (2n)~'}]. From the boundary conditions we derive
that there exists a neighbourhood of the origin where s¢;/¢ is uniformly bounded. By the
boundedness of the curvature we get ¢? < 1+ C/(to)$? in R™ x [0, min{to, (2n)"'}].
Thus, by Claim|1.11{we deduce that away from the origin the following estimate is satis-
fied

D\ 2 1 1
(%) < Cltog) + E < C(to) + 5

Therefore s¢s/d < C(to)(1 + s) in R"*! x [0, min{to, (2n)~'}], up to renaming C/(ty).
We conclude that we can always pick = 7(to) and v = (o) such that in R"*! x
[0, min{to, (27)~'}] we have

¢2

*(A), — A(n — 1@21.

ASE

Ay > (A)gs + (n —4)

|

Since A is exponentially bounded and A(o,t) = 0 we see that if A < 0 somewhere in
R™*! x [0, min{to, (2n)'}], then there exist z > 0 sufficiently small, 7 and ¢ such that
A(-,1) has a negative minimum at 7 where A(7,f) = —z for the first time. However,

we have shown that 9;A(7,t) > 0, which gives a contradiction. We then obtain that
A(-,t) > —p for any t € [0, min{ty, (2n7)~'}] once we let € in (T.17) go to zero. We



1.3. Analysis of Ricci flow with no minimal hyperspheres 30

may finally iterate the step and conclude that A remains bounded from below by —f in

R™™! x [0, t]. Since ¢y < T was arbitrary, the proof is complete. O

1.3 Analysis of Ricci flow with no minimal hyperspheres

We consider the maximal Ricci flow solution (R™*!, g(t))o<;<7 evolving from a complete,
bounded curvature rotationally symmetric metric gy such that (R"*!, g5) does not contain
minimal embedded hyperspheres. We first check that the last condition persists in time
meaning that minimal hyperspheres cannot appear along the Ricci flow solution if none
existed at the initial time. Since the Euclidean hypersphere of radius 7 is minimal in
(R™"1 g(t)) when ¢4(r,t) = 0, similarly to Angenent and Knopf [2004] we derive the
control on the formation of minimal hyperspheres from applying the Sturmian theorem
to the evolution equation of ¢;. In the following estimates C' always denotes a uniform

constant that may change from line to line while o denotes the origin of R™*1.

Lemma 1.12. Let (R™™, g(t))o<i<T be the complete, bounded curvature Ricci flow solu-
tion evolving from a rotationally symmetric metric go. If ¢5(-,0) > 0 then ¢4(-,t) > 0 for
anyt € [0,T).

Proof. Using (1.7) and (I.16) we can write the evolution equation of ¢ as

Ry

n

((bS)t = A¢s + ?bs'

Assume for a contradiction that ¢,(po, t9) < 0 at some space-time point. By |Shi [[1989]
given 1" € (to,T) there exists C' = C(T”) such that |Ry) ()] < nC in R"** x [0,77].
Therefore, at any space-time point in R"™! x [0, T”] where ¢, is negative the time deriva-
tive (¢ ), satisfies

(0s)e = Aps + Cps. (1.18)

We have already seen in the proof of Lemmal[l.10[that |¢s(p, t)| < exp(C(dge)(0,p)+1))
for any (p,t) € R™™ x [0,7"]. We can apply the maximum principle to (T.18)) and
conclude that ¢,(-,¢) > 0in R"*! x [0,T') because T" < T was arbitrary.

In fact, the inequality is strict for all positive times. Indeed, if there exist p, € R"*! and

to > 0 such that ¢4(po, to) = 0, then by the previous derivations we see that p, must be a
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minimum point for ¢,(-, tp). The strong maximum principle implies that ¢, must vanish

in the space-time region R™! x [0, #,], thus violating the boundary conditions (T.2). [

Next we need to control the curvature of the Ricci flow solution only in terms of
lower bounds for ¢. For if the latter condition holds, then by (I.2) and Lemma [I.12
any solution with a nonempty singular set must in particular become singular around the
origin. This geometric property guarantees that there always exist singularity models that
are not shrinking cylinders. Thus in the following we identify under which assumptions

on the behaviour of g at spatial infinity the evolving solution g(t) satisfies the estimate
¢*[Rmy(p|g) < C, (1.19)

for some uniform constant C' = C'(go). The strategy consists in proving that such bound
holds outside a sufficiently large ball and then using Lemma to deduce that the same
control must extend to the ball.

Let gy be a complete, bounded curvature rotationally symmetric metric without minimal

hyperspheres so that the radius ¢(-, 0) is increasing and admits a limit at infinity.

1.3.1 Ricci flow with bounded radius

When the limit lim, ., ¢(r, 0) is finite, the initial metric is asymptotic in C" to a round
cylinder. In this case the solution to the Ricci flow is controlled by a shrinking cylinder at

infinity.

Lemma 1.13. Let (R", g(t))o<s<1 be the complete, bounded curvature Ricci flow solu-
tion evolving from a rotationally symmetric metric gy without minimal embedded hyper-

spheres. If qq is asymptotic in C° to the round cylinder of radius p at infinity, then
(i) The solution becomes singular at a finite time satisfying 2T (n — 1) < p*.
(ii) There exists C' > 0 such that ¢*|Rmy |y < Cin R™ x [L, 7).

2

Proof. The evolution equation of ¢? is given by

¢ = A¢” — 4] —2(n — 1).
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By a standard application of the maximum principle we find ¢?(r,t) < p*> — 2(n — 1)t as
long as the solution exists, which then implies (i).

In order to prove (ii) we consider ¢ € [T/2,T). From the estimate above and Lemma
we derive that ¢(r,t) admits a positive finite limit as » — oo, which also implies
that ¢, is integrable in (0, c0), once we regard ¢ as a function of s. Since the curvature
is bounded at time ¢ by some constant C' we deduce that |¢,s| = |K|¢ < C¢ < C. Thus
we find ¢4(r,t) — 0 at infinity. Therefore ¢ is uniformly controlled at the origin and
at spatial infinity in [7/2,T'). The same argument in Lemma [I.8|shows that |¢s| < C'in
R x [T/2,T).

Similarly, by Shi’s derivative estimates, the Koszul formula and the uniform bound on ¢,

we obtain that
|Psss| (1) < (DI K|+ |K]|ds]) (- 1) < C()[VRmy| + C(t) < C(1),

which then implies that ¢4(r,t) — 0 as r — oo, being the integral of ¢(+,t) on (0, 00)
convergent. We conclude that ¢?|Rmy |y is uniformly controlled at the origin and at

spatial infinity for any ¢ € [T'/2,T"). We may then apply Lemma 0

We finally consider a subclass of solutions with bounded radius defined by requiring

go to further satisty the following scale-invariant pinching condition:
A('? 0) = ng(L - K)(7 0) = (¢ss¢ +1- ng)(, 0) > 0. (120)

The constraint (1.20)) implies that gy has a tip located at the origin. Moreover, this tip

persists along the solution evolving from go.

Lemma 1.14. Ler (R", g(t))o<i<7 be the complete, bounded curvature Ricci flow solu-
tion evolving from a rotationally symmetric metric gy without minimal embedded hyper-
spheres. Assume that A(-,0) > 0 and that gy is asymptotic in C° to a round cylinder at
infinity. Then for any p € R"" and t € [0, T) the following holds

Rywy(0) > Ry (p)-
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Proof. By Lemma we know that A(-,¢t) > 0 along the flow. For any r > 0 and for
any t € [0,T) we have

1— Qﬁ ¢s
0s ( o ) (r,t) = —ZEA(T, t) <0,

where we have also used that ¢(-,¢) > 0. From (1.2]) we derive that ¢(0, t) exists finite

for any ¢ € [0, 7). We may thus apply I’Hopital’s rule to find that

Rg(t)(o) = n(n + 1)(_¢sss)<07 t)
=n(n+1)lim (1 — ¢S) (y,t) > n(n+1) (1 — ¢S) (r, 1)

y— #? $?

for any (r,t) € (0,00) x [0,7"). Therefore, since the condition A(-,¢) > 0 also implies
—ss/P < (1 — ¢?)/d* in R™ ™\ {0} x [0,T), we finally derive

1 - 43
$?

1- 43
$?

Pss
¢

Ry ) = (2% + (0= D12 () < 1) (1) 00 < By

]

1.3.2 Ricci flow with unbounded radius

When the radius ¢(r,0) diverges as r — oo we generally have a weaker control on the
geometry at infinity. For example, there exist initial data with exponential volume growth
where the curvature stays away from zero at infinity as in the bounded radius case but the
scale invariant quantity ¢*|/Rm| diverges at spatial infinity. In order to avoid such cases,
we require the curvature of the initial data to decay as r — oc.

We note that if gy is complete rotationally symmetric with no minimal hyperspheres and
[Rmg,|,, — O at infinity then ¢(r,0) — oo, for if ¢(r,0) — p < oo then |[L| — 0
if and only if ¢?> — 1 which is not possible. Therefore, the decay of the curvature at
infinity implies that the radius must be unbounded. In the next Lemma we show that this

is enough to control the flow outside a ball uniformly in time.

Lemma 1.15. Let (R™, g(¢))o<i<7, with T < oo, be the complete, bounded curvature

Ricci flow solution evolving from a rotationally symmetric metric gy with no minimal
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embedded hyperspheres and curvature decaying at infinity. Then for any € > 0 there exist
p = p(€) > 0and C = C(e) such that

sup IRmy g0y < €, sup  ¢*[Rmyy |y < C.
(P 1\ B(0,0)) x [0.T) Bo.0))x[0.T)

Proof. From the rotational symmetry we derive that the geodesic equation for v : [0, 1] —

R™*! in the radial component can be written as

0.¢
¢

00,0
62

W () + == ()*() 1750 g (£) = 0,

with 75, the spherical velocity vector and £ and ¢ the warping coefficients as in (I.§).
If 0,¢ > 0 for any r, then at any stationary point of 7, we find 7/ > 0 unless vgn
vanishes as well. We may then conclude that given gy as in the statement, there are no
(non-trivial) closed geodesics and hence there exists ¢ = ¢(go) > 0 such that inj(go) > ¢
being the curvature bounded. Therefore from |Chau et al.|[2011]] we get that for any € > 0
there exists a radius p sufficiently large such that the curvature stays bounded by ¢ in the
complement of the Euclidean ball B(o, p) uniformly in [0, T"). The second estimate in the
statement follows from Lemma[l.8 once we know that the curvature and hence the radius

are uniformly bounded along the hypersphere of radius 2p. [

Remark 1.1. In Lemma [I.15| we consider a much larger set of initial data than that
analysed in |Oliynyk and Woolgar [2007]. In our setting we only require the curvature to
decay at spatial infinity at some rate, without prescribing it to be stronger than quadratic.
As a consequence of that, Lemma applies, for example, to initial metrics that open

up to infinity either logarithmically or polynomially.

1.4 Blow-up of Ricci flow with no minimal hyperspheres

Throughout this section we consider the maximal Ricci flow solution (R™™, g(¢)) evolv-
ing from a rotationally symmetric metric g, satisfying either the assumptions in Lemma
[I.13]or those in Lemmal[I.15] Moreover, we assume that the maximal time of existence T
is finite. By analysing the possible singularity models of the flow we prove Theorem 1.1
and Theorem
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1.4.1 Singularity models of Ricci flows with no minimal hyper-

spheres

As observed above, the lack of minimal hyperspheres implies that (R""!, go) does not
contain closed geodesics so that the injectivity radius of g, is bounded away from zero. We
can thus apply the adaptation of Perelman’s no-local collapsing theorem Perelman|[2002]]
to complete, bounded curvature Ricci flows as in Theorem[0.3} the solution g(¢) is weakly
r—non-collapsed in R"*! x (T/2,T) at any scale r € (0,+/7/2), with x some positive
constant only depending on gy and 7". By Hamilton’s compactness theorem (see Theorem
there exist blow-up sequences (p;,;) such that \; = |[Rmy,)|g¢,)(p;) — oo and
the rescaled Ricci flows (R", ¢;(t), p;) defined by g;(t) = X\;g(t; + t/)\;) converge in
the pointed Cheeger-Gromov sense to an ancient solution (Muo, Goo (1), Poo ) —co<t<w»> With

w > 0, satisfying

(i) goo(t) is complete,

(11) SupMooX(—oo,w]’ngoo(t)|900(t) < 00,
(iil) goo(t) is non-flat,
(iv) goo(t) is (weakly) k-non-collapsed.

We call any limit ancient solution (M, goo(t), Poo) @ singularity model for the flow.

By spherical symmetry, given a blow-up sequence (p;,t;) we take p; = (r;, 0) for some
6 € S™. Without loss of generality we can set r; < p whenever there exists p defined as
in Lemma([I.15] otherwise the curvature would stay bounded along the blow-up sequence.
According to [Chow et al., 2007, Chapter 4]), we can explicitly take an exhaustion {U;}
of M, and diffeomorphisms ®; : U; — By, (0)(p;, 27) arising from the Cheeger-Gromov-

Hamilton convergence. For any v > 0 we define

V(,2) = | By (r5.0). —=) = | Byyio)((r,0),v). (1.21)

fesn V Aj fesn

The rotational symmetry of the solutions ensures that V' (4, v/) are annular regions in R"*1,

An argument similar to the one below for a rotationally invariant Kihler Ricci flow was
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discussed in Song [2014].
Lemma 1.16. Any singularity model is simply connected.

Proof. We first prove a preliminary property.

Claim 1.17. There exists a positive radius v independent of j such that

ng(O)(pjvy) C V(]v V) - ng(O)(pj72V)v

foranyv > v.

Proof of Claim[I.T7) Tt suffices to show that d,,)((r;,8), (r;,0)) < C < oo, for any
6 € S™ and uniformly in j. The bound follows from Lemma and Lemma

Namely, we can find some positive constant o only depending on the dimension such that

dgj(O)((rJv T’], V d Tj7 Tj7 < « \/ gb T'],

O

We note that by Claim the maps ' given by Hamilton’s Compactness theorem
are well defined on V/(j,2771) for j > jo, for some j,. We can pick Jo > jo sufficiently

large such that for any ¢ € U_j0 we have

Ao 01a0 (P @) S 1 s g 0)(Pocs0) < 14y 0) (P @5 (0)) < 1428 < 207

We thus obtain the following inclusions

Ui C 070, (Bgfo+2(0)(pjb+2v 2j0+1)> cerl, (V(JTO +2, 2j°+1)> = Vi C M.

Since we can iterate the method by replacing U_]0 with U . », we may conclude that M,

admits an exhaustion { f/j} of simply connected open sets. This completes the proof. []

Next we characterize the geometry of the possible singularity models.

Lemma 1.18. Any singularity model is a locally conformally flat k-solution.
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Proof. If n = 2 (i.e. the three-dimensional case) then the Cotton tensor of the singularity
model is identically zero. Moreover, from |Chen|[2009] it follows that the curvature oper-
ator of the singularity model is nonnegative. Similarly, when n > 3 the Weyl tensor of the
singularity model is identically zero. Accordingly, by Zhang [2008]] we also derive that
the curvature operator is nonnegative. In particular, since any singularity model is weakly

r-non collapsed at all scales, we find that any singularity model is a k-solution. 0

1.4.2 Type-II singularities

We may now address the proof of Theorem [I.I The argument relies on the characteri-
zation of Type-I singularities described in |[Enders et al.|[2011]. Similarly to |[Enders et al.
[2011]], we introduce the singular set ¥ C R™*!, which is defined by the following prop-
erty: given a point p € R"*!, then [Rmy(;)|,(;) stays bounded in some neighbourhood of p

ast 2T if and only if p € R*™1\ 3.

Proof of Theorem Assume for a contradiction that g(t) is a Type-I Ricci flow. If the
origin is not in X then by definition of singular set we can find some small § > 0 such
that [Rmgy()|g) < C < oo uniformly in B(e,26) x [0,T). Therefore there exists v > 0
such that ¢(6,¢) > v > O forany ¢ € [0, T). By Lemma[l.12] we get ¢(r,t) > ¢(d,t) > v
for any > ¢ and for any ¢ € [0, 7). From (ii) of Lemma[l.13| we derive that |[Rm| < C
outside B(0, 20) uniformly in time. By Shi [1989] the last condition implies that the flow
smoothly extends to time 7°, which is a contradiction.

We may thus consider the case 0 € X. By [Enders et al., 2011, Theorem 1.1] we can
parabolically dilate the solution at the origin and obtain, up to passing to a subsequence,
a non-flat gradient shrinking soliton in canonical form (M, g-o(t)). Since the soliton
1s non-compact, simply connected (Lemma and locally conformally flat (Lemma
[1.18)), from the classification in [Zhang, 2008] Theorem 1.2] we derive that (M, goo(t))
must be a shrinking cylinder. By the Cheeger-Gromov-Hamilton convergence and the
rotational symmetry we conclude that the cylinder R x S™ is exhausted by open sets dif-
feomorphic to R""!, This is a contradictiorﬂ Since by (i) of Lemma g(t) develops

a finite-time singularity, we have just shown that this singularity must be Type-II.

Explicitly, if the cylinder admitted an exhaustion by open sets diffeomorphic to R"*, then its rank 1
compactly supported de Rham cohomology group would be trivial.
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Once we know that g(t) is a Type-II flow we can pick a blow-up sequence whose associ-
ated singularity model (M., g (t)) is an eternal solution to the Ricci flow with [Rm|
attaining its supremum in the space-time (see, e.g., [Hamilton, 1995| Section 16]). By
Lemma we derive that g..(t) is a k-solution with nonnegative curvature operator.
Therefore the scalar curvature and the Riemann curvature are comparable up to the singu-
lar time and we can hence adapt the argument in Hamilton| [[1995]] to extract a space-time
sequence (pj,t;), witht; /T, such that if we set A\; = Ry(;,)(p;), then the rescaled Ricci
flows (R"*1, g;(¢), p;) defined by g;(t) = \;g(t; + (A\;)t) (sub)converge in the pointed
Cheeger-Gromov sense to a xk-solution whose scalar curvature attains its supremum in the
space-time. By Hamilton’s rigidity result Hamilton|[1993a] we deduce that (M, goo (%))
is a steady gradient Ricci soliton. Finally by |(Cao and Chen|[2012] we conclude that this

steady soliton is isometric to the Bryant soliton (up to scaling) [Bryant [2005]]. [

Remark 1.2. One can improve the result in Theorem|l.1|and obtain that due to |Brendle
[2020] in dimension three and | Catino et al. [2015|] and Li and Zhang [2018] in dimension
greater than three, any blow-up sequence whose associated singularity model is not a

shrinking cylinder gives rise to the Bryant soliton in the limit.

Remark 1.3. The argument above highlights that the lack of minimal spheres guarantees
that the curvature does not concentrate locally around some neck-region, the singularity
being slowly forming. We also point out that the non-compactness of the underlying
manifold played a crucial role. In the analogous case of S™! one has to take into account

global Type-I singularities where the volume of the manifold approaches zero in the limit.

We finally show that the Bryant soliton has to appear at the origin 0 € R"™ if the
pinching condition (I.20) is satisfied.

Corollary 1.19. Under the same hypotheses as Theorem if further the initial metric

satisfies K,, < L, then there exists a sequence t; ,/* T such that the rescaled Ricci
flows (R"1, g;(t),0) defined by g;(t) = Ryu,)(0)g(t; +t/Rgu,)(0)) on [—Ryq,)(0)t;, 0]

converge to the Bryant soliton (up to scaling).

Proof. By Theorem [I.1] we know that the flow develops a Type-II singularity at some
T < oo and that there exist rescaled Ricci flows (R™*!, g;(¢), p;) defined by g;(t) =
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Rg;)(p)9(tj+t/ Ry, (p;)) smoothly converging to the Bryant soliton, for some t; 7 T'.
Since by Lemma|I.14]the scalar curvature attains its maximum at the origin, we conclude
that the rescaled sequence (R"', g;(t),0) defined by g;(t) = Ry,)(0)g(t; +1t/Ry,)(0))

converges to the Bryant soliton as well. [

1.4.3 Immortal solutions

We now analyse the maximal Ricci flow solution g(¢) evolving from a rotationally sym-
metric metric gy with no minimal embedded hyperspheres and curvature decaying to zero
at infinity. We assume that such solution develops a singularity at some 7' < oo and we
aim to exhibit a contradiction, hence proving Theorem We first show that ¢4 admits
a uniform positive lower bound in the compact region where singularities may form, then
we use the exhaustion constructed in Lemma to prove that the condition about ¢;

implies that the singularity model (M, g (t)) has positive asymptotic volume ratio.

Proof of Theorem[I.2] By Lemma [I.15] we deduce that there exists p; > 0 such that
IRmy |4y < C on R\ B(o, p1) uniformly with respect to time, for some C' > 0.
Furthermore, the estimate (I.19) holds in B(o, p;) x [0,T"). In particular, from Lemma
and Lemma it follows that there exists py < p; satisfying lim; - ¢(r,t) = 0 for
any r < po while lim; »7 ¢(r,t) > 0 for all r € (po, p1].

Given any r € (pg, p1) by Lemma|[1.15] we find that

(11 = @2l + s (r, 1) = (&7[L] + G| K])(r,1) < C(r) < o0,

for all t € [0,T). Therefore both ¢ and ¢, are uniformly bonded at any radius r €

(po, p1)- Once we choose p; large enough, we let pg+ 1 < 19 < r; < p; and 6 > 0 satisfy
¢<T1,t> - ¢(T07 t) Z ¢(T17 0)6_CT - Qb(r(], O)€CT 2 o> 07

where we have used that given § > (0 we can always find ; and ry as above because

¢(r,0) — oo as observed in Section 1.3.2.

Claim 1.20. There exists 7 > py and 3 > 0 such that ¢,(7,t) > 3 > 0 foranyt € [0,T).
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Proof of Claim[1.20, Let r > py. Once we fix an angle # € S™ we can extend a local
gsn-orthonormal frame {e;} on S™ to a g(t)-orthonormal frame around p = (r,6) of the
form {0, e;/¢} for any t € [0, 7). Using the commutator formula (I.11)) and the Koszul

formula we find

9 (059)(p, ) = O, (—Ricg(t) (ei €i> ¢) (p, 1) + nKos(p,t)

(1.22)

Since r > po there exists v = ~(r) > 0 such that ¢(r,t) > v > 0 as long as
the solution exists. From Lemma and Shi’s derivative estimates we deduce that
(IRmy| + |VgRmgp|)(r,t) < C(r) < oo uniformly in [0,7). Therefore we can
bound the right hand side of (1.22)) by a uniform positive constant only depending on r,
thus obtaining that ¢4(r, -) is a Lipschitz function of time on [0,7"). A consequence of
this fact is that ¢4(r, -) admits a (finite) limit as ¢ T for any r > py.

Assume for a contradiction that any such limit is zero. Since the curvature is controlled in
the annular region (r¢, 1) x S™, by standard distortion estimates of the distance Hamilton

[1995] we get

o < Qb(rlat) - ¢(T07t) < sup gbs("t)(s(rlat) - S(TO’t))

[ro,m1]

S C sup gbs(-,t)(S(Tl,O) - S(T070)) S C sup ng(-,t),

[ro,m1] [ro,71]

forany t € [0,7"). Since by Lemma ¢ss 1s uniformly bounded in [rg, 1] x [0,7) we
conclude that supy, . #s(-,t) — 0ast 7 T aslong as ¢s(r,t) — 0 for any r > po. This
is a contradiction. Thus there exists 7 > po such that lim; ~r ¢4(7,t) # 0. By Lemma

we deduce that there exists 5 > 0 as in the statement of the Claim. [

From the boundary conditions (I.2)) and Claim we derive that if ¢, approaches

zero in B(o,7) ast T, then this must happen along a sequence of interior minima.
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However, the maximum principle applied to the evolution equation (I.12]) shows that this

is not possible. We thus find 5 > 0 such that for any ¢ € [0, T) the following holds:

Jnt 65(1) = 6. (1.23)

Consider a standard parabolic rescaling g;(¢) along a blow-up sequence (pj,t;),
with p; = (rj,é’_), converging smoothly on compact sets to a singularity model
(Moo, Goo(t), Poo )te(—o0w)- We need to show that the rescaled geodesic balls stay inside

B(o, 7) for j large enough.

Claim 1.21. For any v > 0 there exists jo = jo(v) such that for all j > j, the following
holds:
By;0)(pj v) € Blo, 7).

Proof of Claim Assume for a contradiction that there exist v > 0 and a subsequence
q;j = (vj,0;) such that ¢; € By, (0)(p;,v) and y; > 7. By the Cheeger-Gromov-Hamilton
convergence ®;'(¢;) € By, (0)(Poo; 2v) for j large enough. Therefore by Lemma|l.15(we
find that R,_ (o) vanishes at some ¢, € By__(0)(Poo, 2v). Since the singularity model has
nonnegative curvature operator (Lemma [[.18)) by a standard application of the maximum

principle we deduce that g, (0) is flat. O

Let v > v with 7 given in Claim[I.17} Consider the annular region V(j, v) defined
as in (I.21). We let 1; > 0 be the positive quantity satisfying

Tt v
s(rj + pj, t5) — s(rj,t5) E/ §(r ty)dr =

3 V )‘j ‘
Assume that j is large enough such that the inclusion in Claim [I.21]is verified. Equiv-

alently, we have r; + p; < 7. From Lemma [I.12] and the lower bound (T.23) it follows
that

o) = [ ocutddy > [ @)t = Blslrnty) = s(r5,).

J

for any r € (r;,7; + ptj). We thus obtain
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TiTH;
VOlg(tj)(V(j, v)) > VOlg(t].)<Sn X (7“]-, r; + /Lj)) = C(n) / (@"&)(r, ij)d?“
TitHy ]
>Cn) [ st = sl )€y
’ Vn+1
= C(n)(s(rj + pjr ty) = s(rj, )" = C(n) =, (1.24)
A 2

J
for some positive constant C' independent of j that we have renamed from line to line.

We finally conclude that for any v > o, with © defined in Claim by the Cheeger-

Gromov-Hamilton convergence and there exists j large enough satisfying
VOlgoo(O)Bgoo(O) (poo, 41/) Z VOlgj(O)ng(O) (pj, 21/) 2 VOlgj(g)V(j, V) Z C’(n)V”H.

The last inequality implies that ¢..(0) has Euclidean volume growth, meaning that the
asymptotic volume ratio of ¢..(0) is positive. Since we have already shown that any
singularity model is a x-solution (see Lemma [I.I§), by [Perelman, 2002, Proposition

11.4] we derive the contradiction. Therefore the solution is immortal. O

1.5 Rotationally symmetric Ricci flow with nonnegative

curvature

In this section we classify rotationally symmetric Ricci flows with bounded nonnegative
Ricci tensor. We also comment on some properties satisfied by standard solutions in the
sense of Lu and Tian.

Let gy be a complete rotationally symmetric metric on R"*! with bounded nonnegative
Ricci curvature and consider the maximal Ricci flow solution (R, ¢())o<;<7 evolving
from gy. Since by rotational symmetry the Ricci tensor is nonnegative if and only if the
curvature operator is nonnegative, we can apply Hamilton’s strong maximum principle
Hamulton| [1986] and rely again on the rotational symmetry to conclude that Ricyy > 0
for all ¢ € (0,7") because the curvature operator of gy has non trivial kernel at any point

if and only if g is flat. We first report the following result, which allows to compute the
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maximal time of existence for positively curved solutions that are asymptotic to a round

cylinder at spatial infinity.

Proposition 1.22 (Chen and Zhu [2006a], Theorem A.1). Let (R"™ g(t))o<i<T be the
maximal Ricci flow solution evolving from a complete metric gy with bounded nonnegative
curvature operator, positive scalar curvature and which is asymptotic to a round cylinder

of radius pq at spatial infinity. Then the solution satisfies:

inf R > —
p61£”+1 g(t)<p> —_ T _ t’

I

for some C' > 0, where T’ = )

We may now address the proof of Corollary [I.3]

Proof of Corollary[1.3] Given t > 0 we have K(-,t) > 0, which is equivalent to
Pss(,t) < 0 on R™!\ {o}. The last condition implies 0 < ¢,(-,¢) < 1, for if
¢s(ro,t) = 0, at some rg, then we would have ¢4(r,t) < 0 for any r > ry, meaning
that the solution is not smooth on R™*! because the radial function has to vanish at some
finite radial coordinate. Therefore (R"™!, g(¢)) does not contain minimal embedded hy-
perspheres for any ¢ € (0,7"). We then need to consider two different cases, depending
on whether the radius ¢(-, t) is bounded or unbounded.

The radius is bounded. Suppose that ¢(r,0) — 79 < oo. The same argument for the
proof of (ii) in Lemma [I.13] shows that the solution is smoothly asymptotic to a round
cylinder at spatial infinity for any ¢ € (0,7"). From Proposition we derive that the
solution develops a global singularity at ' = pZ/2(n — 1). We finally apply Theorem
[[.T] to deduce that the singularity is Type-II and is modelled on the Bryant soliton once
suitably dilated.

The radius is unbounded. If ¢(r,0) — oo as r — oo then ¢(r,t) — oo forany ¢t € [0, 7))
because the curvature stays bounded until time 7" by Shi [1989]. Let us fix ¢y > 0. Since
0 < ¢s(-,tg) < 1 weget|L(-,ty)] — 0asr — oo. Furthermore ¢;(-,%o) has a (finite)
limit at infinity being ¢4(-,to) < 0. It follows that ¢g(+, to) and hence K (-, ) are in-

tegrable. Since by Shi’s derivative estimates |K(-,to)| < C we obtain K (r,t,) — 0 as
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r — 00. We have thus shown that [Rmy ) |4(¢,) — 0 at infinity. By applying Theorem 1.2

we conclude that the solution is immortal. O]

1.5.1 Standard solutions to the Ricci flow

In the following we relate the classification in Corollary to the family of standard
solutions introduced by |[Lu and Tian, where they generalized Perelman’s class of spe-
cial solutions discussed in [Perelman| [2003b]]. According to |Lu and Tian, we have the

following:

Definition 1.1. We let S, be the set of (smooth) complete rotationally symmetric met-

rics g on R™ satisfying

(i) There exists a sequence of points p; — oo in R""! such that (R"*1, g, p;) converges
to the round cylinder (R x S™, (dr)? + p*gsn,p*) in pointed C3 Cheeger-Gromov

topology, for some p > Q.
(ii) Rm, > 0 everywhere and Rm,(p) > 0 for some p € R,

(iii) There exists o > 0 such that on R"!

4
[Rmy |y + Z|Vkng|g < a.
k=1

Remark 1.4. 7o prove that G,, ., is non-empty and to get a feeling for the metrics con-
tained in this set, we consider g of the form with ¢(s) = arctan(s). We first verify
that ¢ satisfies (1.2) so that g is smooth, complete, and with bounded curvature on any
compact region. Conditions (ii) and (iii) of Definition [I.1| follow from the formulas for
the sectional curvatures (1.5). For what concerns the convergence to the round cylinder
of radius p = 7/2, we introduce the exhaustion U; = (—j,00) x S™ and the family of
translations ®; : U; — (j,00) x S™ =V, defined by s — s + 2j. Once we fix an angle
0 € S”, the embeddings satisfy ®,(0,0) = (24, 8) for any j. If we denote the points (27, 6)
by pj and (0, 0) by p*, property (i) in Deﬁnition is then equivalent to showing that

c? 2 2
glv; = geyt, e = (dr)” + (77 /4)gsn.
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Finally such convergence follows from the fact that |0%arctan(s)| — 0 uniformly in V; as

j — oo, forany k = 1,2, 3.

Since any gy € S,,4; is complete with bounded curvature there exists a solution to
the Ricci flow starting at g |[Shi|[1989] and such solution is unique in the class of complete
solutions with bounded curvature on compact subintervals |Chen and Zhu [2006b]]. As a

consequence of that, we may give the following definition, due to|Lu and Tian.

Definition 1.2. Let gy € G,,.1. The maximal Ricci flow solution starting at gy is called a

standard solution.

We first report a result by Lu and Tian which shows that G, is closed with respect

to the Ricci flow problem. In the following we let p; and p be as in Definition[I.1}

Lemma 1.23 (Lu and Tian, Lemma 1). Let (R"*!, g(t))o<i<7 be the maximal solution to
the Ricci flow starting at some gy € &,,11. Forany T" € (0,T) there exists a subsequence
of (R™1, g(t), pj)o<i<r which converges in C* Cheeger-Gromov pointed topology to a

self-similar shrinking cylinder

geyt(t) = (ds)® + (p* — 2(n — 1)t)ggn.

The previous Lemma, Shi’s derivative estimates |Shi [1989]] and Hamilton’s strong

maximum principle for systems [Hamilton [1986] imply the following

Corollary 1.24. Let (R g(t))o<t<T be the maximal solution to the Ricci flow starting

at some gy € &, 11. Then g(t) € &, 41 foranyt € [0,T).

By Proposition we know that standard solutions survive until some finite time
T which only depends on the dimension and the asymptotic round cylinder at infinity. At
time ¢ = 7' the solution extinguishes globally. In order to fully understand the nature of
this singularity one needs to classify its type and the possible limits of blow-ups. In this
regard, item (i) of Corollary immediately gives us the following, which also proves
the conjecture by Chow and Tian in Corollary [T.4]
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Theorem 1.25. Any standard solution in the sense of Lu and Tian develops a global Type-
11 singularity at some finite time T' < oo. Moreover, the singularity is modelled on the

Bryant soliton once suitably dilated.

According to|Lu and Tian| in the previous result we do not require standard solutions
to have a well-defined tip. However we can provide a simple characterization of those
standard solutions whose curvature concentrates at the origin: the conclusions of Corol-
lary [T.19] can be strengthened in the case of standard solutions by using the trace of the
Harnack estimate Hamilton| [1993b] and the results in Brendle| [2020] and [Li and Zhang
[2018].

Proof of Corollary[1.5] Given a sequence t; ,* T, since the solution has nonnegative
curvature and hence the flow is only controlled by the scalar curvature, by Lemma
and the trace of the Harnack estimate we conclude that the rescaled Ricci flows
(R", g;(t),0) defined on [—Ry,)(0)t;,0] by g;(t) = Ryu,(0)g(t; + t/Ry,)(0))
(sub)converge in the pointed Cheeger-Gromov topology. Lemma [I.18§] then implies that
any limit must be a locally conformally flat x-solution with nonnegative curvature oper-
ator. If n = 2, then we can apply Brendle [2020], while if n > 2 we can first deduce
that singularity model is rotationally symmetric by (Catino et al.|[2015]] and then apply |L1
and Zhang| [2018]] to conclude that the singularity model is isometric to the Bryant soli-
ton otherwise we would get an exhaustion of the cylinder by open sets diffeomorphic to

Rn+1. ]

1.6 Ricci flow with necks

In this section we adapt the analysis in Angenent and Knopf [2004] to address the expec-
tations in Oliynyk and Woolgar [2007] discussed in the introduction. Accordingly, we
consider rotationally invariant asymptotically flat Ricci flows containing minimal hyper-
spheres. We explicitly describe a characterization of a sufficiently pinched initial neck
leading to the formation of a Type-I singularity and we provide examples of initial necks
disappearing in finite time along the Ricci flow. For simplicity, in the following we dis-
cuss the case where the solution has only one neck, but the conclusions easily generalize

to the case of multiple necks.
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1.6.1 Type-I neckpinches

Throughout this subsection we consider the maximal Ricci flow solution ¢(t) defined
on [0,7), for some T' < oo, evolving from a rotationally symmetric asymptotically flat
metric go. We refer to|Oliynyk and Woolgar|[2007] for a detailed analysis of this condition

along the flow. For our purposes it suffices to note that there exists € > 0 such that
T Rmy(p [y < C(t) < 00 (1.25)

for some positive constant depending continuously on ¢ € [0,T'), with r the fixed radial
coordinate on R™"!, Indeed, the stronger than quadratic decay of the curvature is pre-
served along the flow |Oliynyk and Woolgar|[2007]]. In the following we call such flow an

e-asymptotically flat Ricci flow.

Lemma 1.26. Let (R"™, g(t))o<i<r be a rotationally symmetric e-asymptotically flat
Ricci flow, for some ¢ > 0 and T' < oco. Then there exist p > 0 and C' > 0 such
that

sup ¢2+§|ng(t)|g(t) S C
(R"T1\B(0,p))x[0,T)

Proof. Since the curvature is decaying to zero at infinity and the metric is close to the
Euclidean metric, in a precise way, outside a compact region, we can apply Chau et al.

[2011] and deduce that there exists p > 0 such that |[Rmy|4¢ < 1in R™*\ B(o, p)

2
g(t

4 + €. From (1.23) it follows that given ¢ € [0, T") we have ¢(r,t) ~ r for r large enough

uniformly in time. Define f = ¢*|Rmy)|[7 ) on the complement of B(o, p) with a =
Oliynyk and Woolgar| [2007]. Thus we derive that f is uniformly bounded along the
parabolic boundary of the region. It then suffices to show that f cannot diverge along a

sequence of interior maxima. The evolution equation of f is given by

«

Jo < AF — 4066, R (R + R (5

<—m—1www®+cmm0

where we have used a standard estimate for the evolution of the curvature along the Ricci
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flow. At any interior maximum point (py, o) we find

(0%

fi(poto) < [RmPg° (p—m “Dtad)+ chm|) (o, ).

Therefore, as long as T' < oo we find

fmax S Cfmax

where the inequality follows again from the curvature being uniformly bounded in the

regio By integrating we obtain that f is uniformly bounded as long as 7" < oo. [

Let go be rotationally symmetric and e-asymptotically flat. Adopting the same nota-
tions as in Angenent and Knopf| [2004], we call a local maximum(minimum) for ¢(-, 0)
a bump(neck) for gy. In the case of the minimum we never consider the origin. We say
that a bump(neck) is degenerate when the spatial second derivative of ¢ vanishes at the
maximum(minimum) point. Otherwise, the bump(neck) is referred to as non-degenerate.
We note that from the boundary conditions (1.2)) and the asymptotics (I.25) the existence
of a neck always implies the existence of a bump and vice versa. In the case of a single
bump(neck) we are dealing with, one can use Lemma to generalize [Angenent and

Knopf, 2004, Lemma 5.5] to our setting:

Corollary 1.27. Let (R"*!, g(t))o<t<7 be a rotationally symmetric e-asymptotically flat
Ricci flow evolving from g, for some € > 0 and T' < oco. Then the number of necks is
non-increasing. In particular, all necks and bumps are non-degenerate except when they

annihilate each other.

Proof. According to Lemma(l.26] given T' < oo we get

Q

¢*|L| = |1 = ¢|(r,t) <

(r,1) (1.26)

-
[SI1LY

for some constant C' > 0 and for any » > p, with L the sectional curvature defined as

in (I.5). Since ¢(r,0) — oo at infinity, by (I.26) we may choose 7y > p large enough

2Explicitly, once we know that ¢, — 1 at spatial infinity as long as the solution exists (Oliynyk and
‘Woolgar] [2007]), we can then apply the maximum principle to the evolution equation of ¢ as in Lemma

I3
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such that ¢4(r,t) > [ > 0 for any r > 1, and for any ¢ € [0,7) with [ as close as we
ask to 1. We can then apply the Sturmian theorem [[Angenent, |1988, Theorem D] to the
evolution equation of ¢, in B(e, o) x [0,7") and conclude that the number of zeroes is

non-increasing in time and drops whenever ¢, has a multiple zero. [

Suppose ¢, has one isolated maximum at r;(0) and one isolated minimum at r(0).
We denote the radius of the bump by ¢ (0) = ¢(r1(0),0) and the radius of the neck
bY Gmin(0) = ¢(r2(0),0). The ratio A = Pmax(0)/Pmin(0) provides then a measure for the
initial pinching of the neck-like region. In the following we let () and r2(¢) denote the
radial coordinates of the bump and of the neck along the flow respectively.
By Corollary ¢(+,t) is a Morse function except at the time where the bump and the
neck annihilate each other. Thus both ¢, and ¢, are smooth functions of time until
either they become equal or the flow develops a singularity.
The main idea for proving the existence of local Type-I singularities consists in choosing
the initial ratio between ¢, and ¢, (i.e. the initial pinching of the neck) larger than
some lower bound depending on the scale invariant difference between spherical sectional
curvature and radial sectional curvature so that the radius of the neck vanishes at some

finite time before that of the bump does. Namely, we aim to prove the following:

Theorem 1.28. Let (R™™, g(t)), with n > 2, be the maximal solution to the Ricci flow
evolving from an asymptotically flat rotationally symmetric metric gy containing a neck re-
gion (r1(0),72(0)) x S™. Assume that Ric,, > 0 on the closed Euclidean ball B(o,r1(0))
and that R,y > 0 on R"L. Let 3 be defined as

f = inf ¢3(L90 - Kgo)a

Rn+1

and let A > 0 satisfy
n+1-—24
n—1

A > + 1.
If 9o(r1(0)) > Ago(r2(0)) then the following are satisfied:

(i) The Ricci flow solution develops a local Type-I singularity at some T' < oc.

(ii) If we set 0 = S/\/T —t, with S the distance from the neck, we can write the
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following cylindrical asymptotics for some uniform constants C > ¢ > 0:

¢ o’
V2 = 1)(T —t) =t Cllog(T —t)]

for|o| < cy/|log(T —t)|,

¢ o] ( o] )
V2(n = 1)( < Vlog(T —1)] |log(T" — )]
whenever c+/|log(T —t)| < |o| < (T —t)~2, fore € (0,1).

We first restate a result proved in|/Angenent and Knopf [2004] and we omit the proof

because it dose not require modifications.

Lemma 1.29 (Angenent and Knopf [2004], Lemma 5.6). Let g(t) be a Ricci flow defined
on [0,T) starting at go as above. If ¢5(r,0) < 0 for 0 < r < r(0) then ¢ss(r,t) < 0 for
all 0 < r <r(t) foranyt € [0,T).

We note that given gy as above the condition ¢4s(r,0) < 0 for 0 < r < 71(0) is
equivalent to requiring the Ricci tensor of gy to be nonnegative on the Euclidean ball
centred at the origin of radius r4(0).

From Lemma we deduce that we can apply Lemma to the Ricci flow ¢(¢) and
thus obtain that the estimate (T.19) holds on R"™! x [0, T'). Therefore, as shown in Lemma
we have |(¢?);| < C uniformly in [0, 7). We get that the following limit exists

D = th/rr% d(r1(t),t) = Hm Ppax(t).

t T

If D > 0 then there is no singularity forming around the origin. This was again proved
in[Angenent and Knopf, [2004] using Lemma [I.29]and the estimate (I.19), which in par-
ticular implies that A = ¢?(L — K) is uniformly bounded. As above, we only adapt the

statement to the current setting.

Lemma 1.30 (Angenent and Knopf [2004], Lemma 7.2). If D > 0 the cap ((0,71(t))
S™) U {e} stays smooth.
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We are now ready to address the proof of (i) of Theorem[I.2§]

Proof of (i) of Theorem|[I.28] We first note that the scalar curvature is positive for any
t € (0,7). From (1.25) we deduce that A(r,t) — 0 at infinity for any time |Oliynyk and
Woolgar [2007]. Therefore A(-,0) has a nonpositive finite infimum § < 0. According to
Lemma [[.10]such lower bound £ is preserved along the flow.

Suppose that the neck disappears at some time 7" € (0, 7). From the discussion above it
follows that ¢n,x and ¢, are hence smooth functions in [0, 7”). By the implicit function
theorem we find that the evolution equation of ¢,,;, is given by (see also [Angenent and

Knopf, 2004, Lemma 6.1]):

. n—1
(rbmin(t) = th(Tg(t), t) = ¢35(T2(t), t) - ¢ - (127)
Since the scalar curvature is nonnegative we can bound the right hand side by
. n—1
'min t S - )
Pmin(t) < =5 —
which upon integration yields
Gain(t) < Gin(0) — (n = 1)t. (1.28)

From (T.28)) we deduce that 77 < ¢2;,(0)/(n—1) otherwise the solution becomes singular

before it loses its neck. We can similarly estimate the evolution equation of ¢, using

the lower bound for A. We obtain

We finally conclude that for any 0 < ¢ < 7" < ¢2,,(0)/(n — 1) we have

min

)2 0) 2 GO 0) (12841 2 620 0) (-1 - "5 2L

By choosing the pinching of the neck A as in the statement of Theorem we ob-

tain that the difference between ¢ (t) and dmin(t) stays bounded away from zero until
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2.(0)/(n — 1). Thus the radius of the bump is positive until 7' < ¢2. (0)/n — 1 and
by Lemma [1.30] the cap around the origin stays smooth. In particular from the proof of
Lemma|l.30|in|Angenent and Knopf| [2004] it follows that there exists a radial coordinate
7 > 0 such that the curvature is uniformly bounded in the Euclidean ball B(o, 7). Since by

Lemma we can apply Lemmall.8|and hence obtain that (T.T9) holds in R"*! x [0, T'),

we get
C
sup|ng(t)|g(t) S 5 (1.29)
Rn+1 min

for any time sufficiently close to 7'. Therefore the solution develops a singularity precisely
when the neck collapses while the radius of the bump stays positive. In particular, by

integrating (I.27) using the condition R,y > 0 and the crude estimate ¢4(12(),t) > 0

we get
(n = 1)(T — ) < Gpn(t) < 2(n — 1)(T — 1)
which along with (1.29) show that the singularity is Type-I. [

1.6.2 Convergence to shrinking cylinders

In this subsection we adapt the analysis in [senberg et al. [2016] to show that the asymp-
totically flat Type-I flows constructed above satisfy the same cylindrical asymptotics.

By the Sturmian theorem we can define a time-dependent neighbourhood of the neck as

0= {gbss log (?) < o}

for some 9 > 0 sufficiently small. We need a preliminary estimate, which in the asymp-

follows:

totically flat case holds on the entire space-time.

Lemma 1.31. Let (R"™, g(t))o<i<r be a rotationally symmetric e-asymptotically flat

Ricci flow with T' < oo. There exists o > 0 such that

1

Jﬁ—DSa, Pss¢log(¢) = —a > —o0,

uniformly in R™1 x [0, T).

Proof. Define f = (¢? — 1)/¢. From (1.2) and Lemma we derive that if f is not



1.6. Ricci flow with necks 53

uniformly bounded from above in [0,7") then for any large value M there exists a first

maximum in the space-time such that f(ro, %) = M. A simple computation gives

(62— 1) (¢>2 -1
2¢° ¢?

Oif (ro,to) < — (62(—=2(n—1)—1)+n—1).

Since ¢2(rg, o) > 1 we get

O f(ro, to) < n% <0,
which proves the first inequality.
For the second estimate we proceed similarly. The boundary conditions and the asymp-
totic flatness imply that ) = ¢4s¢ log(¢) is uniformly bounded from below at the origin
and at spatial infinity. Let (ro, fo) be the first minimum point such that ¢ (rg, ty) = —M
for some large M. By the estimate , which holds in the asymptotically flat case by
Lemma([1.26] we can assume without loss of generality that ¢(ro, o) < 1 and hence that

¢ss(T0,t0) > 0. A long but straightforward computation yields

atw(rm Z50) > (—27/@33 + ¢ss log(¢)¢§(—4n + 8) + ¢ss(_(n - 1) + 4¢§))

2 ¢ss 1 1— ¢§
T3 (% a(g) T

= ol

G2~ 1)).

By using that (¢? — 1) /¢ is uniformly controlled from above we can bound the right hand

side from below as follows:

bu o allog(d)]
ot 2 % (M —n1 -2l - SREOL).

Since by (I.19) ¢¢ss is uniformly bounded, by taking M large we make ¢ as small as
we need. Therefore |log(d)|/dss = M'p(log(¢))? is small and the right hand side is

positive for M large enough. O

Since the neck is shrinking at a Type-I rate one can rewrite the second inequality in

the previous Lemma in a more geometric way.
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Corollary 1.32. In the region ) where K < 0 the following holds:

C
(T'—=1)|K] < Toa (T — 1|

One can then rely on the argument in [Isenberg et al., 2016, Lemma 16] which ex-
tends to our setting up to taking f = ¢ and generalizing it to any dimension n + 1 > 3.

That completes the proof of (ii) of Theorem[1.28]

1.6.3 Initial data leading to Type-I neckpinches

In this subsection we sketch how by adapting the analogous construction in Angenent and
Knopf] [2004] one can find initial data satisfying the assumptions of Theorem [I.28] We
explicitly consider the case n > 4. The cases n = 2,3 only require a further smoothing
step where by perturbing the metrics described in |Angenent and Knopf| [2004] one can

obtain initial data that are again asymptotically flat. Given 0 < o < 1 we define

; sin(r) 0<r<r,
T =

where 7, is the unique intersection between W, and sin in (0, 7/2). By the analysis in
Section 8 of Angenent and Knopf| [2004] we can smooth f so that we obtain a radius ¢

that satisfies the following properties:

(i) ¢(r) coincides with sin(r) in a radial neighbourhood of the origin so that the rota-

tionally symmetric metric gy = (dr)* + ¢(r)gs» is a smooth metric on R""! by
(2.

(i1) R4, > 0 by [Angenent and Knopf, 2004, Lemma 8.1].

(iii) There exists @ > 0 such that for any o < & go has a bump of radius ¢ (0) > &
and has a neck of radius W, (7/2) = v/«

(iv) The scale invariant quantity A, satisfies A, > § with 3 independent of a.

(v) By direct computation one can check that g satisfies (I.23) for any ¢ < 2 and hence

is asymptotically flat.
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Therefore, by choosing o small enough we obtain a metric gy for which Theorem [I.28]
applies. Equivalently, the Ricci flow evolving from gy develops a local Type-I singularity

where the radius of the neck vanishes.

1.6.4 Immortal Ricci flows with an initial neck

It remains to show that there exist rotationally symmetric (asymptotically flat) Ricci flows
on R™*! that have an initial mild neck which then disappears in finite-time. The evolution
equations of the scalar curvature and the scale-invariant quantity A prevent us from de-
riving general conditions which may describe the situation where the neck is sufficiently
mild similarly to Theorem [[.28| and in fact it seems much harder to check whether the
assumptions in Theorem [I.2§] are in some sense optimal. However we are still able to
show that there exist examples of Ricci flows evolving an initial metric with a neck to a
metric with no minimal embedded hyperspheres in finite time.

We recall that given two Riemannian metrics g1, go we say that g; is e-close to g5 if
(I4+e) g <g1 < (1+¢€)g.

Proof of Proposition[l.7} Let e = 1 and choose ¢ to satisfy [Schniirer et al.| 2008| Theo-
rem 1.2]. The existence of an initial neck-like region is compatible with g, being £y-close
to the Euclidean metric. In particular, the difference between the radius of the bump and
the radius of the neck is smaller than 2¢,. Corollary then implies that the critical
values of the radius ¢ are smooth functions of time. By the implicit function theorem and

the evolution equation (I.10]) we find

gbmaxqgmax(t) < _(n — 1)

We conclude that the neck must disappear at some finite time ¢ < ¢2,.(0)/2(n — 1),

otherwise the flow would develop a finite-time singularity hence contradicting that g(¢) is

immortal due to [Schniirer et al., 2008, Theorem 1.2]. O]

Remark 1.5. We point out that in the examples given by Proposition one can control

from above the time elapsed along the flow before the neck disappears by ¢?,.(0)/2(n—1).

max



Chapter 2

Ricci flow of warped Berger metrics on

R4

In this chapter we study the Ricci flow on R* starting at an SU(2)-cohomogeneity one
metric go whose restriction to any hypersphere is a Berger metric. We prove that if g
has no necks and is bounded by a cylinder, then the solution develops a global Type-II
singularity and converges to the Bryant soliton when suitably dilated at the origin. This
is the first example in dimension n > 3 of a non-rotationally symmetric Type-II flow
converging to a rotationally symmetric singularity model. Next, we show that if instead
go has no necks, its curvature decays and the Hopf fibres are not collapsed, then the
solution is immortal. Finally, we prove that if the flow is Type-1, then there exist minimal

3-spheres for times close to the maximal time.

2.1 Introduction

In Chapter 1 we have studied SO(n + 1)-Type-II singularities on R"*. In this chapter in-
stead we focus on a family of 4-dimensional cohomogeneity one Ricci flows with smaller
isometry group. We point out that our construction of non-rotationally symmetric Type-II
Ricci flows in D1 Giovanni [2020]] was conducted at the same time and independently of
works of /Appleton|[2019] and [Stolarski [2019], where they obtained Ricci flat singularity
models for Type-II Ricci flows.

The Ricci flow on 4-dimensional cohomogeneity one manifolds has been recently

studied on various topologies Bettiol and Krishnan [2016]], |Isenberg et al. [2016] 2019],



2.1. Introduction 57

Appleton [2019]. [Isenberg et al.| [2016] showed that the Ricci flow starting at a family
of generalized warped Berger metrics on S' x S® is Type-I and becomes rotationally
symmetric around any singularity. This behaviour is regarded as a Type-I example of
symmetry enhancement along the Ricci flow.

In this chapter we study the Ricci flow evolving from a generalized warped Berger
metric on R*. Namely, consider a metric g, invariant under the cohomogeneity one left-
action of SU(2) on R* = C? that can be written in Bianchi IX form as /Gibbons and Pope
[1979]

go = (ds)*> + a*(s) o0y @ 01 + b*(8) 02 @ 09 + *(5) 03 @ 073,

where {0;}?_, is a coframe dual to some Milnor frame {X;}?_, on SU(2), with X3 tan-
gent to the Hopf fibres. We further assume that g, is invariant under rotations of the
Hopf fibres. The last condition means that the left-invariant vector field X3 is Killing thus

extending the Lie algebra of gy-Killing vectors to u(2). In particular, we can write g as
go = (ds)* +02(s) (01 ® 01 + 03 ® 03) + *(5) 03 @ 0.

In analogy with |Isenberg et al.| [2016] we finally assume that ¢ < b so that each non-
degenerate fiber {s} x S® is a Berger sphere. We call such metric a warped Berger
metric on R*. As already observed in [[senberg et al. [2016], if instead we have ¢ > b,
then the ordering is still preserved along the solution but would probably lead to different
qualitative behaviours. In fact, without the warped Berger condition our argument for
the conservation of the monotonicity of the warping coefficients along the solution is no
longer valid. Moreover, it seems that singularities where b goes to zero - hence collapsing
the base space S? of the Hopf-fibration - while the Hopf-fiber stays positive may occur.

We first focus on initial data with linear volume growth.

Definition 2.1. We let G be the set of complete, bounded curvature warped Berger metrics

go on R* satisfying the following conditions:

(i) bs > 0, H > 0, where H(r) is the mean curvature of the centred Euclidean sphere

of Euclidean radius r with respect to g.
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(ii) sup,cga b(p) < oc.

The control on the sign of H amounts to ruling out the existence of necks |Angenent
and Knopf [2004]. We also note that the condition in (i) is weaker than asking for both b
and c to be monotone. We prove that any Ricci flow starting in G converges to the Bryant
soliton once suitably rescaled. This provides Type-II examples of symmetry enhance-
ment and constitutes the first explicit case in dimension higher than three of a non-locally
conformally flat flat Type-II Ricci flow converging to a rotationally symmetric singularity

model.

Theorem 2.1. Let (R*, g(t))o<;<1 be the maximal complete, bounded curvature solution
to the Ricci flow starting at some gy € G. The solution develops a Type-II singularity at

some T" < oo which is modelled on the Bryant soliton once suitably dilated.

Theorem [2.1] resembles an analogous result recently derived in [Appleton| [2019],
where Appleton studied the Ricci flow on the blow-up of C?/Z,, starting from a subclass
of warped Berger metrics. In particular, they showed that when £ = 2 if the initial
metric is bounded by a cylinder at infinity and both b and ¢ are increasing and satisfy a
differential inequality, then the flow is Type-II and converges to the Eguchi-Hanson metric
once suitably dilated.

Theorem [2.1] characterizes the Type-II singularity only partially. Indeed, while the
Type-II singularity is not isolated, being the Bryant soliton asymptotically cylindrical
(see, e.g., Brendle|[2014]]), in general there is no control on the blow-up sequence giving
rise to a family of shrinking cylinders. Moreover, the symmetries and the lack of necks
suggest that the curvature ought to become large locally around the singular orbit (see also
Appleton| [2019]). Equivalently, one should detect the Bryant soliton when dilating the
flow at the origin o by suitable factors. In our next result we address these issues hence
providing a much clearer picture of the Type-II singularity developed by Ricci flows in G.

In the following statement R, ;) represents the scalar curvature of the Ricci flow solution.

Theorem 2.2. Let (R*, g(t))o<i<1 be the maximal complete, bounded curvature solution

to the Ricci flow starting at some gy € G. Then the following conditions hold:
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(i) (The Bryant soliton appears at the origin.) There exists t; ,* T such that the
rescaled Ricci flows (R, g;(t),0) defined by g;(t) = Ry,)(0)g(t; 4 (Ry,)(0))'t)

converge to the Bryant soliton in the Cheeger-Gromov sense.

(ii) (The singularity is global.) For any p € R* we have
lim sup (\ng(t)\g(t) (p)) = 0.
t T

(iii) (Type-I blow-up at infinity.) For any t; /T there exist a sequence {p;} and o > 0
such that dg,(0,p;) — oo, (T'— t;)Rew;)(p;) < «, and the rescaled Ricci flows
(R*, g;(t), p;) defined by g;(t) = Ryu,y(p;)g(t; + (Re,)(pj))~'t) converge to the

self-similar shrinking cylinder in the Cheeger-Gromov sense.

(iv) (Classification of singularity models.) Any non-trivial singularity model is isomet-

ric to either the self-similar shrinking cylinder or the Bryant soliton.

We note that as an immediate consequence of (i) the scalar curvature and the full
curvature are comparable in certain regions up to the singular time. We also point out that
the phenomenon of Type-II enhancement of symmetries along the Ricci flow is intrinsic
to the classification of 3-dimensional x-solutions obtained by Brendle| [2020]. Item (iv)
in Theorem [2.2|relies on the recent extension of Brendle’s work to higher dimensions by

L1 and Zhang [2018].

Next, we show that the long-time property is satisfied by a class of warped Berger
metrics whose curvature decays at infinity. General long-time existence results on non-
compact manifolds usually rely on controlling the sign of the curvature and the volume
growth (Cabezas-Rivas and Wilking [2015]. From a different perspective, similar con-
clusions may be achieved when the analysis is restricted to families of homogeneous
Riemannian metrics Lafuente [2015]]. In this case the behaviour of the flow for long times
is also understood Bohm and Lafuente [2018]]. Instead of assuming a transitive action of
a Lie group, one may study cohomogeneity one manifolds. In this direction, |Oliynyk and
Woolgar [2007]] proved that the Ricci flow on R starting at an asymptotically flat spher-

ically symmetric metric without necks is immortal. We improved this result by allowing



2.1. Introduction 60

any decay of the curvature in Theorem [[.2]

In our setting we consider the following set, whose intersection with G is empty.

Definition 2.2. We let G, be the set of complete warped Berger metrics g on R* with

positive injectivity radius and satisfying the following conditions:
(i) bs >0, H > 0.

(ii) |Rmy|,(s) — 0 as s — oo and there exist n > 0 and sy > 0 such that c(s) > p for

any s > So.
We prove the following:
Theorem 2.3. Any complete, bounded curvature Ricci flow starting in G, is immortal.

The long-time property may in general fail if we omit the requirement on the mono-
tonicity of b and H. Indeed by the adaptation of /Angenent and Knopf [2004] to R"*!
derived in Chapter 1, we deduce that if g, is asymptotically flat with b = ¢ and (R?, g)
contains a neck which is sufficiently pinched (in a precise way), then the Ricci flow is
Type-I. It therefore remains to address the relation between Type-I singularities and ex-
istence of minimal hyperspheres for Berger Ricci flows. We recall that /Angenent and
Knopf [2004] constructed the first examples of non-degenerate neckpinches by evolving
rotationally invariant metrics on S™ containing minimal (stable) hyperspheres. Later the
link between Type-I singularities and minimal spheres has been explored for Ricci flows

on closed 3-manifolds by Song| [2019]. In our setting we prove the following:

Theorem 2.4. Let (R*, g(t))o<i<7 be the maximal complete, bounded curvature solu-
tion to the Ricci flow evolving from a complete warped Berger metric gy with positive
injectivity radius and curvature decaying at infinity. If g(t) develops a Type-I singular-
ity at T < oo, then there exists 6 > 0 such that (R, g(t)) contains minimal embedded

3-spheres for any t € [T — 0, T).

We may also apply Theorem [2.1 and Theorem [2.3]to derive two simple corollaries.

First we immediately deduce that

Corollary 2.5. Neither G nor G, contain shrinking Ricci solitons.
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In the second application we classify warped Berger Ricci flows with bounded non-
negative curvature. In particular we show that for positively curved warped Berger Ricci
flows bounded by a cylinder at infinity, parabolic dilations at the origin along any se-

quence of times give rise to the Bryant soliton.

Corollary 2.6. Let (R*, g(t))o<i<T be the maximal complete, bounded curvature Ricci
flow starting at some complete warped Berger metric gy with bounded nonnegative cur-
vature. Then T is finite if and only if b(-, 0) is bounded. If T is finite, then for any t; /T
the rescaled Ricci flows (R, g;(t),0) defined by g;(t) = Ryu,y(0)g(t; + (Re,)(0)) ')

(sub)converge to the Bryant soliton.

Outline

We briefly describe the organization of the chapter.

In Section 2.2 we discuss warped Berger metrics on R* and we comment on the main as-
sumptions. In Section 2.3 we show that the condition on the lack of necks persists along
the Ricci flow. The main step consists in adapting the analogous argument adopted in
Appleton|[2019], which relies on the application of a general maximum principle for sys-
tems of parabolic equations. In Section 2.4 we study warped Berger Ricci flows evolving
from initial data either in G or in G,. Similarly to Isenberg et al.| [2016] we show that the
curvature is controlled by the size of the principal orbits and that the solution becomes ro-
tationally symmetric around any singularity at some rate that breaks scale-invariance. An
important ingredient, for the case of G, is also given by the application of the Pseudolo-
cality formula in|Chau et al.|[2011]]. In Section 2.5 we prove that any singularity model is
rotationally symmetric by showing that the left-invariant Milnor frame diagonalizing the
metric generates a copy of su(2) in the Lie algebra of Killing fields acting on the singu-
larity model. We then apply the rigidity result obtained by Zhang [2008]] to classify these
singularity models. In Section 2.6 we prove the main results. Theorem [2.1] heavily relies
on the characterization of Type-I singularities in Naber| [2010] and Enders et al.| [2011]].
The appearance of the Bryant soliton follows from a result of Hamilton| [[1993a]] once we
know that the singularity is Type-II. The localization of the Bryant soliton in (i) of Theo-
rem[2.2]is a direct consequence of the convergence of left-invariant vector fields obtained

in Section 2.5. The property that the singularity is global depends on the monotonicity
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assumption (by > 0, H > 0), which allows us to control the space-time region where the
flow stays smooth. The Type-I blow-up at infinity follows once we know that the solution
becomes singular everywhere at some finite time 7. We then obtain the classification of
singularity models by combining the characterization of singularity models in Section 2.5
with the analysis in|Li and Zhang| [2018]]. The proof of Theorem [2.3]follows from a con-
tradiction argument. We show that if a Ricci flow in G, develops a finite-time singularity,
then any singularity model is a non-compact x-solution with Euclidean volume growth.
However, Perelman| [2002] showed that this is not possible. We finally address the proof
of Theorem [2.4] which again depends on the characterization of Type-I Ricci flows ob-
tained in Enders et al.| [2011]]. Section 2.7 is devoted to deriving some easy applications

of the main results.

2.2 Setting

2.2.1 Warped Berger metrics on R*

Let (M, g) be a non-compact Riemannian manifold and let G be a compact Lie group
acting on (M, g) with cohomogeneity one. Assume that there exists a singular orbit Xgjy,,
alternatively the orbit space is homeomorphic to R and M is hence foliated by G/H, with
H the principal isotropy group (see, e.g.,|Grove and Ziller [2002]). Given g € Ygn, We
consider a minimal geodesic -y starting at ¢ and meeting all the principal orbits orthogo-

nally. Away from the singular orbit, we can write g along ~y as
g = d32 + Gs;

for some 1-parameter family of homogeneous metrics gs on G/H. We may then use the
action to extend such form on any orbit and therefore on the entire principal part of the
manifold. We aim to describe those metrics for which G = U(2) and M = R*. Before we
do that, let us first recall that we can identify S® C C? and SU(2) via the map f defined

in Euler coordinates by

30+ cos(2)  —e 30"V sin(2)

£ (e2@+) cos( . .
ez gin(2) e 20+ cos(2)

(IS

)10 sin( D))

IS
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where ¢ € [0,7),1 € [0,47),0 € [0,27). A left-invariant coframe {01, 09, 03} on SU(2)
is given by the Maurer-Cartan form f~'df = o1h, + o3hy + 03h3 with
1[0 2 1[0 1

1
h1: ) h2: ) h3:_
2\ 0 2\-1 0 2\0 —i

and o; defined in Euler coordinates by (see also Gibbons and Pope| [[1979])

o1 = —sinYdeo + cos Y sin ¢db
09 = cos Pde + sin ¢ sin pdf 2.1)
03 = dip + cos ¢db.

In particular, it follows that do; = 1/2)° ik €ijkoj A\ og. We also let {X;} denote the left-
invariant frame dual to {o;} and we take X3 to be tangent to the Hopf-fibres. Consider
a metric g on R* invariant under the isometric cohomogeneity-one action of SU(2). By
introducing a radial coordinate r and the Euler angles we can write g in Bianchi-IX form

Gibbons and Pope|[1979] as:

g = gQ(T)dT ® dr + 9r
2.2)

=&(r)dr @ dr + a*(r) 01 @ 01 + b (r) 03 ® 09 + (1) 03 @ 03,

where £, a,b,c : (0,+00) — (0,4+00) are smooth radial functions. If we introduce the

geometric quantity s(-) = dy(o, -), then we may rewrite (2.2)) as
g=ds*+a*(s) oy @ a1 + b*(5) 09 @ 03 + ¢*(5) 03 @ 3. (2.3)

If we also assume ¢ to be invariant under the U(1) action on the Hopf-fibres, then the
vector field X3 is Killing, thus enlarging the Lie algebra of Killing vectors to 1(2). This
is equivalent to requiring @ = b on R*. Therefore, the Hopf-fibration allows us to write

g = ds® + b*(s) T gg2(1y + c*(s) o3 ® 03, (2.4)

2
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where 9s2(1) is the Fubini-Study metric and o3 is the one-form dual to the vector field
tangent to the Hopf-fibres. In fact, once we enlarge the isometry group to U(2) we are
describing the entire class of U(2)-invariant metrics on R* being any U (2)-left-invariant
metric on S* diagonal - as follows from the fact that SU(2)-left-invariant metrics on S®
are in 1:1 with positive definite symmetric 3-matrices and those that are U(2)-invariant

are further invariant under the conjugation action of SO(2) that fix a vector in R®.

In the following we usually refer to the warping coefficient b as the coefficient of g
along the S2-direction. Similarly, we often say that the factor ¢ constitutes the size of the

Hopf-fiber. According to (2.4), an U (2)-invariant metric g on R* is given by the formula:

g = grs + *(s) 03 ® 03, (2.5)

where ggs is the projection of g on the base via the Hopf-fibration R* \ {0} — R?\ {0}.

We finally focus on those U(2)-invariant metrics g on R* satisfying the warped

Berger condition (see also Isenberg et al. [2016]):
c<b.

Accordingly, any homogeneous metric g, on the principal orbit {s} x S? is a Berger metric
with squashing factor ¢/b < 1. Since such squashing factor plays an important role in
the analysis and also appears in the hyperkéhler quantities characterizing the Taub-NUT

metric, we make the following:

Definition 2.3. Given a warped Berger metric g, the scale-invariant roundness ratio c¢/b :

R* — (0,1] is denoted by u.

We observe that for any radial map f we think of f = f(s) = f(s(r)) as a function
of  unless otherwise stated. From (2.2)) and (2.3)) we have the following relation between
the two radial derivatives:

1

Oy = ——0,. 2.6
) (20

The metric g in (2.4)) defines a smooth metric on R* if and only if b and ¢ are smooth odd
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functions of the radial variable r and the condition below holds:

lim —(s) = lim —(s) = 1. (2.7)

It is worth noting that the smoothness conditions reflect the underlying topology and
hence lead to significant variations, both in terms of results and approach, when compar-
ing the study of U(2)-invariant Ricci flows on different manifolds [Isenberg et al. [2016],
Appleton [2019].

2.2.2 Curvature terms

If g is a warped Berger metric on R*, then from the Koszul formula we derive the vertical

sectional curvatures

1
b2 = 35 (4—3u"—b2), (2.8)
1 _
k13 = kog = 2 (U2 — bscsu 1) ) (2.9)
and the mixed sectional curvatures
bSS
kor = ko2 = 7 (2.10)
hos = — 22 2.11)
c

Moreover, unless the isometry group extends to SO(4), we also have a non-trivial curva-
ture term which is not the sectional curvature of a 2-plane:

Us

=5 (2.12)

Rmg;93 = » (cs — bsu)

We finally report the formula for the scalar curvature:

Ry = 2(ko1 + ko2 + kos + k12 + k13 + kas). (2.13)
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2.2.3 Initial data for the Ricci flow

In this chapter we study the Ricci flow problem on R* with initial condition given by a
warped Berger metric go. We first assume that g, is bounded by a cylinder at infinity so
that the Ricci flow evolving from g, always encounters a finite-time singularity.
According to |Angenent and Knopf| [2004] and the results in Chapter 1, if (R?, g5) con-
tains necks, then the Ricci flow solution may be Type-I and converge to a shrinking cylin-
der once rescaled. In order to construct Type-II singularities we thus need to exclude
these initial geometries. A generalization of the notion of neck discussed in |Angenent
and Knopf] [2004] to the U (2)-invariant setting consists in considering whether the mean
curvature of embedded hyperspheres changes sign. Namely, we introduce the quantity
H :r — (2bs/b + cs/c)(r) representing the mean curvature of the centred Euclidean
sphere of Euclidean radius r with respect to go. We say that gy does not have necks when
the mean curvature H is nonnegative on R* \ {o}.

While in the rotationally symmetric setting a Sturmian type of argument guarantees that
minimal hyperspheres cannot appear along the flow, one might expect that in the U(2)-
case the mean curvature could generally change sign along the flow. In order to prevent
the latter phenomenon from happening, we require the spatial derivative b, to be nonneg-

ative as well.
Definition 2.4. We let G be the set of complete bounded curvature warped Berger metrics
on R* satisfying the following conditions:

(i) bs >0, H > 0.

(ii) sup,cga b(p) < oc.
Remark 2.1. From the formula for the mean curvature of the embedded hyperspheres we

immediately derive that the assumption (i) in Definition is weaker than asking for the

monotonicity of both b and c.

In the second class of initial data for the Ricci flow we consider warped Berger met-
rics without necks but whose behaviour at infinity is not controlled by that of a cylinder.

Namely, we require the curvature to decay to zero and the Hopf fibres to be not collapsed.
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Definition 2.5. We let G, be the set of complete warped Berger metrics g on R* with

positive injectivity radius and satisfying the following conditions:
(i) by >0, H > 0.

(ii) |Rmy|,(s) — 0 as s — oo and there exist n > 0 and sy > 0 such that c(s) > p for

any s > Sg.

Remark 2.2. We point out that the sets G and G, are disjoint. For if g9 € G N G, then
b < m, for some m > 0, and hence by (2.8)) we find

|4 — 3u2 — b§| = b2|k512’ < m2\k12|.

Since the curvature is decaying to zero at infinity and u < 1 we see that by > 1/2 outside
some Euclidean ball B(o,r), for r large enough. Therefore b(s) — oo and this is a

contradiction. We conclude that if gy € Goo, then b(s) — oo being bs > 0.

Remark 2.3. As we will see in Chapter 3, the well known Taub-NUT metric on R* Hawk-
ing|[[1977] is a hyperkdiihler metric belonging to G, since the curvature decays to zero at

cubic rate while both b and c are increasing.

2.2.4 The Ricci flow equations

Given a complete, bounded curvature warped Berger metric gy, there exists a unique
maximal, complete, bounded curvature solution to the Ricci flow (R*, g(t))o<;<r starting
at go |Shi| [1989],Chen and Zhu| [2006b]. From now on we omit to specify each time
that any Ricci flow solution we consider is meant to be the unique complete, bounded
curvature one evolving from some initial metric g;.

If (R*, g(t))o<t<7 is the maximal Ricci flow starting at some complete, bounded cur-
vature warped Berger metric gy, then the diffeomorphism invariance and the uniqueness
property of the problem in the class of complete, bounded curvature solutions ensure that
g(t) is still an U(2)-invariant metric for all ¢ € [0,T"). Therefore, we can argue as in

Section 2.2.1 to derive that g(¢) can be diagonalized with respect to a time-independent
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fixed frame. Namely, the solution has the form

g(t) = ds @ ds +b*(s,t) (01 @ 01 + 09 @ 02) + *(s,t) 03 ® 03, (2.14)

where s = s(r, t) is the distance from the origin with respect to the solution and hence is

time-dependent. Such geometric coordinate allows us to write the Ricci flow equations as

c b w4
by = bgs 2+ 2 )b+ 2— — = 2.15
P 0 (c N b> T T 2.15)
bycs ud
Ct = Cos + 2 , 2?. (2.16)

Since the coordinate s depends on time, there is a non trivial commutator between 0; and

0s given by
o 0 d bss | Css) O
o] = ez == (5 + ) e

where ¢ is defined as in (2.2]). We finally write down the formula for the time-dependent
Laplacian along a solution of the Ricci flow. Given a smooth radial map f : R* — R we

have

bs | Cs
Af = fss+ <2§+€) fs- (2.18)
We dedicate the end of this subsection to proving that the Ricci flow solution g(¢) starting
at go remains a warped Berger metric until its maximal time of existence 7' < co. More

precisely, we show the following:

Lemma 2.7. Let (R*, g(t))o<i<T be the complete, bounded curvature solution to the Ricci
flow starting at some warped Berger metric gy and let € = inf,cga u(p,0). Then for any
(p,t) € R* x [0,T) we have

e <u(p,t) <1

Proof. We first verify that the ordering © < 1 is preserved along the flow for any ¢ €
[0, 7). By Shi|[[1989] the curvature is bounded at any time slice R* x {t}, with ¢t € [0, T).

Thus from the Ricci flow equations we see that

|Ou| =

Cc
atl_)

- ‘—Ric(Xg /e, Xy /c)g + Ric(Xa/b, Xo /b)g , (2.19)
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which means that there exists some time dependent positive constant «(t) such that
u(-,t) < at) < oo on R, As long as a (smooth) solution exists the boundary con-
ditions (2.7) are satisfied, which then imply that the function f = log(u) is smoothly

defined on R* and equal to zero at the origin for any time. From the evolution equations

(2.15), (2.16) and the formula for the Laplacian (2.18)) we get
4 2
fo=AF 45 (1-w?). (2.20)

Therefore whenever « > 1 we find

Je <AFf.

We can then apply the maximum principle [[Chow et al., 2006, Corollary 7.45] and con-
clude that since u(-,0) < 1, the same bound persists along the flow. In fact, once we know
that v < 1 is preserved in time, a standard application of the strong maximum principle
shows that if u = 1 at some (pg,to) € R*\ {0} x (0,7, then u = 1 in a space-time
neighbourhood of the point and thus u = 1 everywhere for all earlier times by real ana-
lyticity of solutions to the Ricci flow Bando [[1987]].

We now let ¢ € [0, 1) be defined as in the statement. If ¢ = 0 there is nothing to show
so we can take ¢ > 0. By using (2.19) it follows that u(-,¢) > «(f) > 0 because
u(-,0) > e > 0. If we define f = log(e~u), since we have just shown that u < 1 along

the solution, we obtain

ft:Af—i-%(l—uQ)zAf.

We can apply the maximum principle and conclude that u(-,t) > e forany ¢t € [0,7). [

2.3 Ricci flow without necks

In this section we show that the monotonicity assumptions by > 0 and H > 0 are pre-
served along the Ricci flow solution. The main ingredient is given by a maximum prin-
ciple for systems of parabolic equations [Protter and Weinberger, 2012, Theorem 13,
p. 190] that recently |Appleton| [2019] used to derive similar conclusions for a family of
U (2)-invariant Ricci flows with cylindrical asymptotics. In the following we mainly adapt

their argument to the topology of R*, i.e. to the boundary conditions given in (2.7).
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2.3.1 Basic estimates
Let gy be a complete, bounded curvature warped Berger metric on R*. We collect a few
preliminary bounds that are necessary to apply the maximum principle for systems to the

evolution equations of ubs and cH.
Lemma 2.8. For any rq > 0 there exists 0 > 0 such that b(r) > § > 0 for all v > ry.

Proof. Let us first check that b cannot be bounded from above by some § > 0 small
enough for any r large. Namely, by assumption there exists & > supgs|Rm,,|,,. Suppose
for a contradiction that there exists 7 such that b(r) < § for any r > rq, with §%a < 1/2.
From we derive

|4 —3u? — b?| < ab® <

DN | —

for all r > ry. Since u < 1, we see that b?(r) > 1/2 for any r > ry which contradicts
the fact that b is bounded. Therefore there exists a sequence of points p; — oo such that
b(p;) > 0, with ¢ given above. Assume that there exists a sequence ¢; — oo such that

b(g;) < 9. It follows that there exists a sequence of minima ¢; — oo such that b(g;) < ¢.

From (2.8) we get

14— 3u — B2|(g;) = |4 — 3u3|(G;) < ab?(G;) <

9

N —

which is not possible. The proof is then complete. 0
A simple consequence of the previous Lemma is the following

Corollary 2.9. Given ry > 0 there exists o > 0 such that

sup
R4\B (0,r0)

bs ‘
— < a.
Proof. From (2.8)) we derive

2o
ﬁgﬁ(4—3u2)+ﬂ,

with a an upper bound for the curvature. Given 79 > 0 we may apply Lemma [2.§] and

conclude the proof. [



2.3. Ricci flow without necks 71

We also need to check that both b, and ¢, are exponentially bounded at spatial infinity.

Lemma 2.10. There exist M > 0 and o > 0 such that
|cs| + |bs| < M exp(as).

Proof. According to (2.10) and the uniform bound on the curvature we see that b and
hence b, are exponentially bounded. Thus the same holds for b, by integrating b,s. Sim-

ilar conclusions are satisfied by c,. [
Finally a bound similar to Corollary [2.9|is satisfied by c¢;/c as well.

Lemma 2.11. Given rq > 0 there exists o > 0 such that

C

C

< .

sup
R4\ B(o,r0)

Proof. [Appleton, 2019, Lemma 3.4]. U

2.3.2 Maximum principle for systems

We consider the maximal Ricci flow solution (R?, g(¢))o<;<7 evolving from a complete,
bounded curvature warped Berger metric go. We note that given ¢, < 7' then the esti-
mates above hold uniformly for any ¢ € [0, t,] being the curvature uniformly bounded
in the space-time region R* x [0, o). From the evolution equations (2.13), (2.16)), the
commutator formula (2.17) and the expression for the mean curvature of embedded hy-

perspheres H : (r,t) — (2bs/b + ¢s/c)(r,t), we compute

by ¢ 1 9 9 u?
(ubs), = (ub),, + (ubs), 23 -2+ = (ubs) (8 — 10u® — 2b%) +4—c

: 7 (22D)

(cH)y = (cH) s + (cH), (2% - %) + 22—13 (u® —b2) + 2—3 (uby) (1 —u?). (2.22)

We may now prove the main result of this section.

Lemma 2.12. Let (R*, g(t))o<i<1 be the maximal Ricci flow solution starting at a com-
plete, bounded curvature warped Berger metric go. If ubs(-,0) > 0 and cH(-,0) > 0 then
ubs(-,t) > 0and cH(-,t) > 0 foranyt € (0,T).
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Proof. Givent, € (0,7, by the boundary conditions there exists & = §(to) > 0 such that

1
inf bs(r,t) > —, inf H t) >
B(o,é)nx[o,to]u <T ) -2 B(o,g)nx[o,to}(c )(r ) -

l\')lr—t

Using the commutator formula (2.17) we may rewrite the evolution equations (2.21)) and

(2:22)) in the space-time region (R*\ B(o,d)) x [0, 1] as

(uby), = — (uby), + = (2% _G_ 9) (uby),

e R c &
+ % (ubs) (8 — 18u”* — 2b7) + 4b2 (cH)
and
1 1 bs ] 57‘
() = g et), ¢ (25 - 2= 5 ) e,
+ % (ubs) (1 — u2) -+ %(CH) (u2 b2)

From Lemma 2.8 and Corollary [2.9] we derive that the zero order coefficients are uni-
formly bounded in (R* \ B(o,d)) x [0,%]. Moreover, by Lemma [2.7| we know that the
ordering u < 1 is preserved along the flow, therefore the coupling coefficients 4u? /b* and
16/b*(1 — u?) are both nonnegative. Similarly to Appleton| [2019] we can introduce a

barrier function

W (r,t) — exp (SQY“ 52 + /\t>

for t < min{ty, (28)'} and compute the evolution equations of ub, + ¢WW and cH + ¢W
for any € > 0. Using Corollary 2.9] Lemma [2.11] and standard distortion estimates of the
distance function it is straightforward to check that there exist 5 = (o) and A = (%)

such that

(ubs + W), > = (ub +eW),. 1 (2E _G_ & > (ubs + W),

3 5 b ¢ &
1 2
+53 (ubs + eW) (8 — 18u* — 2b7) + Il 7 (cH + eW)

and similarly for the evolution equation of ¢cH + €W . By assumption (ubs+€eW)(-,0) > 0
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and (ubs + eW)(d,t) > 0 for any ¢ € [0, min{ty, (28)7'}]. Since u < 1, by Lemma
ubs is exponentially bounded in space uniformly in the time interval [0, ¢y] and hence
(ubs+eW)(r,t) — oo asr — oo forany ¢ € [0, min{to, (28)'}]. The same conclusions
are satisfied by cH + ¢l//. We can then apply [Protter and Weinberger, 2012, Theorem
13, p.190] and conclude that ub, and cH stay nonnegative along the flow. The strict
inequality in the statement then follows from using the maximum principle [Friedman,
1964, Theorem 3, p.38] and the real analyticity of the Ricci flow solutions Bando [1987]]

once we know that b, and H are nonnegative. [

2.4 Analysis of the Ricci flow

In this section we derive the main curvature estimates for the Ricci flow solution (R*, g(¢))
evolving from a warped Berger metric metric go. In the first part we focus on the case
go € G. Similarly to the analyses in [Isenberg et al.| [2016] and Isenberg et al.| [2019]
(which are performed on S* x S% and S? x S? respectively) we prove that away from the
origin the Ricci flow is controlled by the size of the principal orbits. In particular, we show
that the formation of a singularity at some positive 7 (i.e. along the Euclidean hypersphere
of radius r) is equivalent to b(r,t) converging to zero as t — T. We also describe the
behaviour of the flow as the time approaches 7. Analogously to Isenberg et al.|[2016], we
prove that around any singularity the solution becomes rotationally symmetric at some
rate that breaks scale-invariance.

In the second part we extend the previous estimates to Ricci flows starting at some gy €
G- Moreover, for this class of solutions we also prove that (a scale-invariant version of)
the mean curvature of minimal hyperspheres admits a uniform positive lower bound in
the compact region where singularities may form.

For notational reasons we always let o denote a positive constant only depending on g

that may change from line to line.

24.1 Curvature estimates in §
Throughout this section we let (R*, g(t))o<;<7 be the maximal complete, bounded curva-
ture Ricci flow solution evolving from some gy € G. Since b(+, 0) is bounded from above

and cb?(-,0) is increasing, because we have (cb?), = cb>H, we deduce that there exists
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e > 0 such that u(-,0) > . By Lemma[2.7| we obtain
e <u(,t) <1, (2.23)

uniformly in the space-time R* x [0, 7). We observe that (2.23) is not available for the
topologies analysed in Isenberg et al. [2019] and Appleton [2019].

Next, we show that the maximal time of existence 7' is finite.

Lemma 2.13. Let (R*, g(t))o<i<7 be the Ricci flow solution starting at gy € G. Then

sup b(p,t) < sup b(p,0)
pcER4 pcR4

sup b?(-,0)

foranyt € [0,T). Moreover, we have T < 1

Proof. From the boundary conditions we deduce that b*(-, t) is a smooth function on R*

as long as the solution exists. By (2.15)) and (2.18)) we get

Oib* = Ab* — 4b% + 4u* — 8 < AV? — 4.

The conclusions then follow from the maximum principle [[Chow et al., 2008, Theorem

12.14]. [l

Remark 2.4. From Lemma and Lemma we derive that the set G is preserved

along the Ricci flow.

Next, we prove that b, and ¢, are uniformly bounded in the space-time. The evolution

equations of the first order spatial derivative are given by

bs 4 2 A P u
(bs)e = A(bs) — 23(b5)3 + (172 - 6§) by + 4ﬁcs (2.24)
and
Cs u? b? u?
(Cs>t = A(CS) — 2;(65)5 - (6@ + 2@) Cs + 8b—2bs (225)

Lemma 2.14. There exists o > 0 such that |by| < o and |cs| < ain R* x [0, 7).
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Proof. From Lemma and Lemma we derive that b,(-,¢) is integrable for any
t € [0,T). Moreover, since bss/b = —kq; as reported in (2.10)), by |Shi [1989] we see that
for any ¢ € [0, 7)) there exists av(t) < oo such that |bss/b| < a(t). Since by Lemma [2.13]
b is uniformly bounded from above we deduce that b,, is bounded on any time-slice and
hence we get that by(r,t) — 0 asr — oo for any t € [0, 7] Since b, — 0 at spatial
infinity on any time-slice, if b, becomes unbounded as ¢t * T, then there exists a critical
point p for by(-, ) where by = & for the first time, for some & large to be chosen below

and for some ¢, > 0. Evaluating (2.24)) at (po, to) we get

(bs)t(po, to) < bl? (4@ —a® — ac — 6au® + 4ucs) )
By choosing @ > max{sup|bs|(-,0),2} one checks that the c¢,— quadratic polynomial
in the brackets does not admit roots, thus proving (bs):(po,t9) < 0. The exact same
argument works for the lower bound of b,. In fact, the lower bound for b, also follows
from Lemma

We now adapt the argument for ¢,. Since b’cH = (b?c), and b?c is bounded from above,

we see that b*cH (-, t) is integrable. By differentiating we find
(b%C) s = 2bchgs + 2bc + 4bbyc, + bcys.

From we derive |bscs|(-,t) < a(t)be(-,t) + ud(-,t) < «(t) being the curvature
bounded at any time slice R* x {t} for t € [0, 7). Similarly |c,|(+, ) < a(t). Therefore,
since b and b, are uniformly bounded in the space-time we conclude that |(b%c)](-, 1) <
a(t), which implies b?>cH (r,t) — 0 as r — oo for any ¢ € [0, 7). In particular c(r, t) —
0 as 7 — oo because b (and hence c) is uniformly bounded from above, b,(r,t) — 0 and b
is bounded away from zero at spatial infinity - being b monotone increasing. One can then
argue as above that if ¢, becomes unbounded as ¢ T, then there exists a first maximum

po where c; attains a sufficiently large value & at some ¢y > 0 for the first time. It follows

The argument that f, f,, bounded and f, > 0 imply that f, — oo at spatial infinity will be used in
other occasions below.
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that
1
(ca)e(po.to) < 75 (a (—6u” — 263) + 8u’b,)

By Lemma we know that the ordering © < 1 is preserved. Therefore for & large
enough the right hand side is strictly negative. The same conclusion holds for the lower

bound. ]

From the previous Lemma and the condition © < 1 we immediately derive the fol-
lowing bounds for the vertical sectional curvatures. From now on any estimate is satisfied

in the space-time R? x [0, T") unless otherwise stated.

Corollary 2.15. There exists o > 0 such that
«
|E12] + [Fi3| < =k

The following estimate is a necessary step to prove that the solution to the Ricci flow

becomes spherically symmetric at any singularity forming away from the origin.

Lemma 2.16. The following holds as long as the solution exists:

sup (%(b§—4)) (-,t)gsup(% (b§_4)> (-,0).

R4 + R4 +

Proof. Let us denote the quantity (b — 4)/b by ¢. By the boundary conditions ¢ is
uniformly bounded from above as » — (0. Moreover, as we have already argued in the
proof of Lemma we find that ¢(r, t) becomes negative for r large enough. We may
then let (po, to) be the maximum point among prior times where ¢ attains some positive

value . A direct computation gives

b2 P 2o u? u? u  csh
=Ap—2-2 - T (22 42— | —12—b% + 2¢,b, (4 — 2 ).
Oe=R0 =270 = ¢<b2+b2> A (b3 bc2)

Evaluating the evolution equation at (py, ty) we get

1 (7
de(po,to) < o5 (—§b§ + 07 (20 — 14u®) — 2bciu™ + 8bycgu — 24 + 8u2) .
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We now regard the term in the brackets as a quadratic polynomial in c¢;. Chosen o > 0,

we can find € > 0 such that b?> = 4 + ¢. The discriminant of the polynomial is given by

c2

b2b? 7
8= (—&s — 562 — ldeu® — 48u% + 8u4> <0,
where we have again used that the ordering v < 1 is preserved by Lemma[2.7] Therefore,

the quantity supgs ¢ (+, t) is non-increasing along the solution. 0

In the next Lemma we prove that if ¢(r, ) converges to zero as ¢t — 7' (along some

sequence of times) for some r > 0, then the metric becomes rotationally symmetric at r.

Lemma 2.17. There exists o > 0 such that

Proof. We first prove a useful characterization of the behaviour of the second order spatial

derivatives at infinity.

Claim 2.18. For anyt > 0 we have
bes(r 1) 22250, caulr t) 2550,

Proof of Claim[2.18] From the proof of Lemma we see that by(-,t) — 0 at infinity,
which implies that the integral of bys(+,t) has a finite limit for any ¢ > 0. By Shi’s

derivative estimates and the Koszul formula we find that for any ¢ > 0 there exists «/(t) >

0 such that
bSS bSSS bSSbS
a(t) > |VRmy)(0s, 0s, X1/b, 05, X1/b)| = |Osko1| = |0s > )= e |
Since b is uniformly bounded from above and bs,/b = —ko; is bounded, we see that

|bsss|(+,t) < a(t). Therefore b is integrable and has a bounded derivative for any ¢ > 0,
meaning that b, (7, ¢) — 0 as r — oo for any ¢ > 0.
Again from the proof of Lemma we derive that the integral of (b*c)s(-,t) is con-

vergent for any t € [T'/2,T). By computing the derivative (b*c),s, and using again Shi’s
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derivative estimates we obtain that (b%c),s — 0, which also implies c,4(r,t) — 0 as

r— oo foranyt € [T/2,T). O

By the boundary conditions the function ¢ = 1/¢ — 1/b is continuously defined at
the origin and identically zero. From (2.23)) we see that ¢ is bounded along any time slice

R* x {t}, fort € [0,T). The evolution equation of ¢ is given by

s, 1
gpt:AgO—i-——g—i-ﬁ(—él—i—Zu—i—QuQ). (2.26)

We note that

c2 3 b2 b3

by s Cos A C2 by P
A@:@ss‘i_@s(Qg‘i‘z) 2S—|— 925

The argument in Lemma [2.14] shows that bs and ¢, converge to zero at spatial infinity
on any time-slice and similarly for the second order derivatives according to Claim [2.18]
Since b and ¢ are both uniformly bounded from above, we see that forany 6 > Oand ¢ > 0
there exists rqg = ro(d,¢) such that the time derivative of ¢ can be bounded for r larger

than rq as

1 2u 2e
<pt§6+—(—4+2u+2u2)gé——¢g5_§

= 72 p <0 —np,

for some 7 > 0, where we have used Lemma[2.7]and Lemma [2.13] Therefore, if ¢ does
not stay bounded as ¢ * T, then there exists a sequence of maxima diverging as the
solution approaches its maximal time of existence.

We introduce the quantity & = Ae' (7! — 1), where A = supga(b> — 4)/b(-,0) and ¢ is
chosen to satisfy Lemma Suppose that (py, to) is a space-time maximum point among
prior times where ¢ attains some value greater than &. By evaluating at (po, to) we

see that
1

7 (b2 (1 —u) —4+2u+2u?).

Pt (p07 tO) S
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Using Lemma [2.16] we can estimate the time derivative from above as

¢t(po,to) < — ((Ab+4) (1 — u) — 4 + 2u + 2u”)

(—2u+2u* + A(b—¢))

R

= —p(—2u+Ab) <

5 ©(—2e+ Ab).

T e

S

From the definition of ¢ we derive

1
b < — (5_1 — 1) ,
¥
which then yields
U A U
@t(pos to) < i —2e + 2 (e'=-1)) < Ehd (—2e+¢)<0.

An analogous bound holds for the first order spatial derivatives. Namely, we have

the following

Lemma 2.19. There exists o« > 0 such that

cs  bs

< a.
c b

Proof. Define ¢ = c¢,/c — bs/b. The function 1) extends to zero at the origin due to
the boundary conditions. As argued before i(r,t) — 0 as r — oo for any ¢ € [0,7).
Consider the upper bound. Suppose that there exists a large value & which v attains for

the first time at some maximum space-time point (py, Zo). The evolution equation of ) is

2 2 2

Cs u s bs 2
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We can then evaluate both sides at (py, to) and use Lemma to get

1 1 1
Ye(po, to) < 0 (—o‘z (quCi + 8u? + 2b§) + 8ulbs| (1 + u) (E — E))
8 _ 8 ~
< W (—au® + 2alb,|) < E (—as*+2a%) <0,

for a sufficiently large, with ¢ satisfying Lemma The same argument shows the

existence of a uniform lower bound. O]

We may now improve Lemma [2.16]

Lemma 2.20. There exists o > 0 such that

(12— 1) <a.

S| =

Proof. Let us denote (b? — 1)/b by . A direct computation gives

2b§s b;l bg 2 bgcz ubscs 4 uQ
pr =Dy —— —3b—3+§(13—14u ) —2 8 o+ 2o

Since ¢ is uniformly bounded from above at the origin and at spatial infinity we take
(po, to) to be the maximum space-time point where ¢ = & for the first time, for some

positive & to be chosen below. We have

1 u b2 2 ub.c bt b? 9 u?
to) < —< —2 S5 420 TS5 4142 (1 —w?) — = +2— %,
‘Pt(po"))—b?{ C sy iy () o b}

According to Lemma [2.19) we can bound ¢, in terms of b,. It follows that there exists

some positive constant o > 0 such that

1 15 B 0

< —Sa——=2 4 (14 -6u?) — = 42—
#elpo,to) < 75 {O‘ Ty - 0w) g 425 }
5 1202

2
! {Q_“bs (1) + 22~ 1) +

S|~

(1-) -

<
- 202 b

(1) } .
We finally use Lemma [2.14} Lemma and the fact that ¢ > 0 implies b? > 1 to derive

1
@i(po, to) < o2 (v — 6av) < 0,



2.4. Analysis of the Ricci flow 81

for & large enough. [

Next, we extend the previous arguments to the second spatial derivatives. We show
that away from the origin the mixed sectional curvatures are controlled by c and hence by
b as in Corollary 2.15] The flow is singular at some radius r if and only if both ¢(r, ) and
b(r,t) converge to zero as t approaches 7.

The evolution equations of the mixed sectional curvatures (2.10) and (2.11)) are given by

8 8u? 22 4? du?  2bse
ko1): = A(k k2 ko | > — — — 2 — 2 koz | = — ——
ok = ) 28 (5 = = = 57 ) <o (5 557 @.27)
42 2ubye,  2b,d 24uH: 8B 2b? '
B = R T TR
and
b u? 2u?  byeq
(ko) = A(kos) + 2kgs — 4kos =+ 5 | t4ko | = —
2 b b be (2.28)
n 12¢2 n 40u?b? _ A8ubses 4b3c, .
bt bt bt bic

Lemma 2.21. There exists o > 0 such that

or] + os] < 75
Proof. By [Shi| [1989] there exists @ > 0 such that |ko;| < a in R* x [0,7/2]. Since
by Lemma b is uniformly bounded from above, we deduce that b%|ky;| < « and
similarly for b?|ko3| using Lemma We may hence consider the case t € [17/2,T).
Define the map v = bby, — ub?> — vc? in R* x [T'/2,T), for some u and v positive
constants we will determine below. According to Claim 2.18]+(r,¢) — 0 as r — oo for
any t € [T'/2,T). We then adapt the argument in [Isenberg et al., 2019, Lemma 7] to

show that v is uniformly bounded in the space-time region. Explicitly, at any stationary
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point of ¢ (-, t) we have

ubses  2u"theed
+

4qu? 22 4ub? 16vudbge
Aty — bby | —- : ) - *2 (24 +38 -
Y = Ay — (62+C2+bg> (244805 "~
8V2(u+1)  ducss n ducics,  8ubysCes  2uTbyCsCos n 12vu?c? n 4c?
b? b c b c b? b?

24u?b?  12uu?b?  2ub’c® b 2b! 9
T b2 T b2 T 2 b2 +b +2veg, + 2(p = 1)b,.

Suppose 1 attains some negative value —a for the first time at ty € [7'/2,7"). By Lemma

2.14)we can choose & sufficiently large such that bby, < —a/4. Therefore we get

qu?  2c2 4ub? u? o oub?
_bbss = s s > s )
(b2 T TR )- <2b2 22 b2)

Evaluating the evolution equation of ) at (po, to), we have (provided we set > 1)

2 2 2 3
9 [ u s pbs 16vu”bycy ubgc,
biposto) > W, +a (2b2 - ) - S aa s
2ub, et 8% (1 + 1) ducgs  Avcicss  8UbysCes  2uT1byCsCys
+ - + - - .
c2 b2 b c b c

One can then estimate the remaining terms exactly as in Isenberg et al. [2019] by using
the uniform boundedness of the first spatial derivatives and Lemma [2.7 Namely, we can

use the weighted Cauchy-Schwarz inequality to get

-1 2 ~22,:2 2 2, -2 2 2 2_-2 2
2u bscscss<§+2 bss<c +2au cs<ﬁ+2o¢5 cs
c -2 c? 2 2 T2 2

and similarly for the others. Therefore there exists a uniform constant « such that the time

derivative at (py, to) is bounded from below as

2 2 2 2 2 2
s [ u s ubs U c; ubs
77bt(p()7t0) Z (V_l)css+a (2b2 b2 >—a(u+u+1) (2b2 b2 > > 0

once we choose 1 = 1, = 2 and « sufficiently large. The existence of a uniform upper
bound follows from a similar argument by considering ¢ = bb,, + pb? + vb?. The very

same proof applies for kos. [
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We can finally show that both ¢ and b admit limits as the flow approaches its maximal

time of existence T’ < oo.

Corollary 2.22. For any r > 0 the limits lim; ~r c(r, t) and lim »r b(r,t) exist and are

finite.
Proof. By applying Lemmas [2.14]and [2.21| we get
()] < 2|cegs| + 4 |ubses — u?| < o
The same argument works for b as well. 0

The curvature is hence uniformly controlled along any Euclidean hypersphere where
the components b and ¢ do not converge to zero as t * T'. Namely, from Corollary

and Lemma it follows that there exists a positive constant « such that

sup  b*Rmy o) < a. (2.29)
R4x[0,T)

Next, we show that around a singularity rotational symmetry type of bounds hold for the

second spatial derivatives as well.

Lemma 2.23. There exists o > 0 such that

|ko1 — kos| <

| 9

Proof. We adapt the proof in [senberg et al.|[2016]], whose argument works for a compact
Type-I Ricci flow setting. Once we define ¢ = ¢;/c — b /b, we consider the map

2 2\ 2
¢i(¢sb)25<cﬁ_%_%+b_s) b2,

c c? b b2

The boundary conditions (2.7) ensure that ¢(0,t) = 0 for any ¢. From the proof of
Lemma [2.14] and Claim [2.18] we derive that if ¢ is not bounded, then for any sufficiently

large value & there exist ¢y > 7'/2 and a maximum point p, such that ¢ (pg,ty) = @ for
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the first time. The evolution equation for ¢ is
pr = D —2(b%)a(¥5)s — 20705, — 2Fp — 2G0™ b + 2HB ), — Ab3yT — 8v7 + dur?,

where

b c? u? ) v A u? . bs 9

S

Evaluating  at the maximum point (p, ty) we get

wi(posto) < 203007 — 7 (8 — 4u?) + —2Fp — 2GV*ip, + 2Hb

< —2 (8 + 12u?) — 2GH* Y, + 2Hb*,.

From (2.29) it easily follows that there exists some uniform constant o > 0 such that

|G| < a/b3. Being 1 uniformly bounded (Lemma 2.19), we have

—2GH, < a%.

According to Lemma and Lemma [2.19] an analogous estimate can be found for
| HV?1),|. Then

eulpo.to) < 2 8-+ 120%) + ol = I (5 190%) VA ) <0

for v sufficiently large. Therefore ¢ is uniformly bounded and we get

b2 2
b|k§01 — ]C03| S o+ = U_lc—s
b c
bs Cg -1 bs Cs —1 —1
<a—|—|bs|€——+|cs| z——ga(l—i—a—l—|cs|u J<a(l+e™h)),
where we have used Lemma and Lemma O

We finally discuss the existence of lower bounds for the mixed sectional curvatures.
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Lemma 2.24. There exists o > 0 such that

csscloge > —a,  bgsblogh > —a.

Proof. We adapt the analogous argument in [[senberg et al. [2016]. Consider the map
f = cssclog e, which is smooth in R*\ {0} x [0, T). Moreover f extends continuously
to the origin and f(o,t) = 0 as long as a solution exists. By Claim and the fact that
¢ is uniformly bounded from above, we deduce that f(r,¢) — 0 at spatial infinity for any
t € [T/2,T). Suppose that there exist (po, to) € (R*\ {o}) x [T/2,T) and & large to
be chosen below such that f(pg,ty) = —a for the first time. From (2.11) and (2.29) it

follows

a = |f(po, to)| < allogc(po, to).

Since by Lemma [2.13] ¢ is uniformly bounded from above the last inequality implies

log ¢(po, tp) < 0 and

———(po, to) > . (2.30)

for & large enough. By direct computation we get

1 Cs “Cg u? u? 9 bgcs
ft = Af -2 (2 + @) zfs — ClOgC (12 03 — 48ﬁbscs + 4Ob_3bs _ 4?>
—8u310 c %—% _QCﬁ (u3+f) +2C§Css 92+ 1
=\ b ¢ c logc
Cssbg bssbscs Csscg
—4clogc 2 + Eaiaieral B
By Lemma [2.19| we have
uCg u2 u3 9 bgcs 4 oUW /o ) a

1255 — 48 rbe, + 4055 — 45 > (—a — i (0 —u )) > -5,

where we have used Lemma[2.17)and Lemma[2.20]to derive the last inequality. According
to Lemma [2.23]it holds
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By choosing & large enough (and hence c(py, to) small) it follows that 2(cscss/c)(2 +
1/logc)(po,to) > 0. Finally, Lemma 2.17, Lemma [2.19] and Lemma yield the

bounds
Cosb? | bashsCs  CosCl bssbsCs  CosC2
2 + 2@ (po, to) > R (po, to) =
bscs ((bss  Css Css Cs(c(bs — ¢5) + cs(c — b)) « Css
88 78S 88 > (= o= )
( b (b c>jL c bc (po,to)_( c? ac>(p0,t0)

Evaluating the evolution equation of f at (po, t¢) and using (2.30) we get the lower bound

1 s 1 _ _
fi(po, to) > —« (’ ch d + |10gc|css> + 2% (@a—1)= . (—a(|loge| + @) + 2¢s(a —

1 (v ss 1 Y
= E <—Q{|10gC| + &(Css - Oé) + Css% + %(a - 4)) > E (-O{“Ogd + Css%)
1

= w (—204‘10g C‘2C+ @2) > 0,

for & sufficiently large (i.e. ¢ small enough). The case of bssblogb does not require

modifications. O]

2.4.2 Curvature estimates in G

We consider (R?*, g(t))o<;<7 @ maximal complete, bounded curvature Ricci flow solution
evolving from some gy € G.,. If the solution develops a finite-time singularity at some
T < oo, then we can apply [Chau et al., 2011, Theorem 1.1] and conclude that there exists
p > 0 such that

sup ]ng(t)|g(t) <1. (2.31)
(R\B(0,p))x[0,T)

Remark 2.5. We note that G, is preserved along the Ricci flow. Consider the maximal
Ricci flow evolving from some gy € Go. By Lemma [2.12] condition (i) in Definition
persists in time. From |Hamilton| [1995] we also derive that |[Rm|(s,t) — 0 as s — oo
forallt € [0,T). If T < oo, then given p as in (2.31), we can integrate the Ricci flow
equation for c and use that by assumption c is bounded away from zero for all radii r

sufficiently large, and find ji > 0 such that c(-,t) > p > 0in R*\ B(o,p) x [0,T). If

1)
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instead T' = oo, then c is uniformly bounded from below away from the origin in any

compact interval of existence being the curvature bounded.

An immediate consequence of (2.31) is that for any radial coordinate r; > p the spatial
derivatives (up to second order) of b and c are uniformly bounded in time along the hy-

persphere of radius r;. In particular, for any r; > p there exists ¢ = &(r;) > 0 satisfying

inf  wu(p,t) >e>0, (2.32)

peB(o,r1)

for any ¢t € [0,7). For the function u is uniformly bounded from below at the origin
and along the hypersphere of radius z; and the evolution equation (2.20) prevents u from
attaining interior minima approaching zero.

By inspection one can check that given 7; > p any bound derived in Subsection 2.4.1 ex-
tends to the space-time region B(o, 1) x [0,7"). For any argument relies on a maximum
principle which still applies to this setting once we know that any relevant quantity is uni-
formly bounded along the parabolic boundary of the region B(o,r1) x [0,T). Explicitly,

we have the following

Lemma 2.25. Let (R*, g(t))o<i<, with T < oo, be the maximal Ricci flow solution

evolving from some gy € G, and let p > 0 satisfy

sup Rm ' S 1
(R4\B(0,p))x[0,T) [Rangg )|9(t)

Then for any r1 > p there exists « = a(ry) > 0 such that

sup  b*[Rmyy g0 < @,
B(o,r1)x[0,T)

and
cs by

1
sup (—(u_l—l)—l— - — =
Blor)x[0,7) \ b

Remark 2.6. One can verify that Lemma holds for a larger class of Ricci flows than

+ b|]€01 — k’03|) S [OR

Goo- Indeed, it suffices to control the flow uniformly along the parabolic boundary of some
space-time region and then apply maximum principle arguments without relying on the

quantities by and H being nonnegative.
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Next, we prove that b, and  remain positive along a hypersphere of sufficiently

large radius. In the following p still denotes the radius defined by (2.31)).

Lemma 2.26. Let (R, g(t))o<i<1, with T < o0, be the maximal Ricci flow solution
evolving from a warped Berger metric gy € Go.. There exist 7o > 71 > p, 0 > 0 and

t € [0,T) such that

be(F1,t) >0, H(fpt) > Vtelt,T).

Proof. We have already shown that b(r,0) — oo as r — oo. Since the curvature is
uniformly bounded in the complement of the Euclidean ball B(o, p), we can pick p <
ro < 71 such that

b(ry,t) — b(ro,t) > ¢ >0,

for some ¢ > 0 and for any ¢t € [0,7). We can use the Koszul formula to write the

evolution equation of b, as

X X
0y(bs) = s (—Ricg(t) (Tl, Tl> b> + Rng(t)(as, O )bs

X X

) X X ) .
= —RICg(t) (Tl, Tl> bs — Vg(t)RICg(t) (85, T’ T) b+ Rlcg(t)(as, as)bs.

(2.33)

Therefore given r > p, by and Shi’s derivative estimates there exists «(r) > 0 such
that | (bs):(r, )| < o uniformly in time. Since 7' < oo the last property implies that b, (7, -)
is Lipschitz and hence admits a finite limit as ¢ * T, which we know to be nonnegative
according to Lemma [2.12] Let us assume for a contradiction that any such limit is zero.
Since b,s/b = —kg, is bounded in the annular region (g, ;) X S* uniformly in time and
we also have that b is bounded in the same space-time region as follows from integrating
the Ricci flow equation for b using that the curvature is uniformly bounded, we deduce

that supy, | bs(-,t) — 0 ast  T. On the other hand, being the curvature controlled in
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the annular region (1o, ;) X S3, we get

¢ < b(r1,t) = b(ro, t) < sup by(+,¢)(s(r1,t) — s(ro, t))

[ro,r1]
< o sup bs(-,t)(S(Tl,O) o S(TO,O)) < a sup bS('7t)7
[ro,m1] [ro,71]
for any t € [0,T), which gives a contradiction. Therefore, there exists 7, € [ro, 1] as in
the statement. The proof for H is similar. Indeed we can write H = (log(b*c)), and then
adapt the argument above noting that by Definition [2.5log(b*c))(r,0) — oo as r — oc.

In particular we can always pick 75 > 7. [

Next we show that cH stays away from zero in the compact region B(o, p) for times
close to the maximal time of existence 7. In the following we let 7, and ¢ be defined as

in the previous Lemma.
Corollary 2.27. There exists i > 0 such that cH > piin B(o,75) x [t,T).

Proof. By the boundary conditions we have cH (0,t) = 3 as long as the solution exists.
According to Lemma and Lemma there exists 6 > 0 such that cH(79,t) > 0
for any t € [t,T) and cH(r,t) > § for any 0 < r < 7. Suppose that cH gets smaller

than min{d, 3} in B(o,7y) x [t, T). Then there exists a minimum point (py, to) and from

(2.22), (2.32) and Lemma 2.12] we get
(cH)(po, to) > 2% (u? = b2) (po, to) > 2% (€2 = 82) (pos to)-
From Lemma it follows that
bs =

(u’ch — u’lcs) < (u’ch — b, + &b) ,

N | —

1
2
for some o = «(7) > 0. Thus we can find a uniform constant « only depending on 75

such that

2cH
(cH)¢(po,to) > R (52 —acH(1+cH) — abQ) (po, to)-

Therefore, whenever cH < 5 , for some 5 only depending on 75 and t, the function ¢ —
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minp, 7,)(cH)(-,t) is Lipschitz and satisfies

d(cH min
% Z _a(CH)min-
We conclude that ¢H cannot approach zero in the interior of B(o, ) ast 7 T. [

2.5 Singularity models of warped Berger Ricci flows

In this section we perform a blow-up analysis of warped Berger Ricci flows. We first

recall the following general notion.

Definition 2.6. A complete, bounded curvature ancient solution to the Ricci flow
(Moo, Goo () —so<t<o is a singularity model for a warped Berger Ricci flow (R*, g(t))o<i<T
if T' < oo and there exists a sequence of space-time points (p;,t;) witht; /T such that

Aj = |[Rmy()|gt,)(pj) = 00 and the rescaled Ricci flows (R*, g;(t), p;) defined by
. t
9i(t) = Xig { ti + -
j

converge to (M, goo(t), Poo) in the pointed Cheeger-Gromov sense for t € (—oo, 0].

Remark 2.7. We note that by the Cheeger-Gromov convergence any singularity model

(Moo, g (t)) of a warped Berger Ricci flow is non-compact and non-flat.

The main goal of this section consists in classifying the singularity models of warped

Berger Ricci flows. Namely, we show the following result

Proposition 2.28. Let (R*, g(t))o<i<7, with T < oo, be the maximal Ricci flow solution
evolving from a warped Berger metric go belonging to either G or G... Then any singular-
ity model is either the self-similar shrinking soliton on the cylinder or a positively curved

rotationally symmetric k-solution.

We prove the characterization of singularity models by first showing that the U(2)-
symmetries of warped Berger Ricci flows pass to the limit and then using the rotational-
symmetry type of bounds in Lemma 2.17 and Lemma 2.19 to show that the symmetries

of the singularity model in fact enhance to SO(4).
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Given go € G there exists ¢ > 0 such that u(-,0) > e. Therefore g, is bounded

between two round cylinders outside some compact region and there exists o > 0 such
that Vol (B, (p, 1)) > a forany p € R*. The latter condition is satisfied by any gy € G
being the injectivity radius positive and the curvature bounded. Thus if (R*, g(t))o<t<T,
with T" < oo, is the maximal Ricci flow solution evolving from some g, which belongs
to either G or G, then by Theorem there exists £ > 0 such that g(t¢) is (weakly)
r—non-collapsed in R* x (7/2,T) at any scale p € (0, \/T/2). Accordingly, there exist
blow-up sequences satisfying Definition [2.6] and hence any warped Berger Ricci flow
evolving from either G or G, admits singularity models ([Hamilton, (1995, Section 16]).
In particular, any singularity model of a warped Berger Ricci flow is (weakly) x-non-
collapsed at all scales.
We first consider a maximal Ricci flow solution (R?, g(t))o<;<7, with T" < oo, starting
at some warped Berger metric gy € G. Later we check that the same conclusions are
satisfied by Ricci flows in G.. We let (p;, t;) be a blow-up sequence of space-time points
giving rise to a singularity model (M, goo (%), Poo) as in Definition 2.6/and we denote the
rescaling factors [Rmy,) () (p;) by Aj. Due to the U(2)-symmetry we may fix 6 € S*
and we may set p; = (r;,0). We also let (®;) be the diffeomorphisms given by the
Cheeger-Gromov-Hamilton convergence (see [Chow et al., 2007, Chapter 4]).

We first provide a topological characterization of the limit manifold.

Lemma 2.29. Let (My, Goo (1), Poo ) —co<t<o be a singularity model for a Ricci flow solu-

tion (R*, g(t))o<t<1 starting at some go € G. Then 7, (M) = 0.

Proof. The proof follows from adapting the argument in Lemma [I.16] which extends to
the U(2)-invariant case due to (2.29). O

Next, we prove that the symmetries of the flow are enhanced when dilating. To
this aim, we first show that the Milnor frame passes to the singularity model. Since the
proof of that relies on an Ascoli-Arzela argument, we need C*-bounds with respect to the

rescaled solutions.

Lemma 2.30. There exists a continuous function f : (—o0,0] x (0,400) — Rsq such
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that ,
sup > |VE o Xilg, < f(E ),

By ®iv) =g
foranyt € (—o0,0] and v > 0 and fori = 1,2,3. Furthermore, there exists o > 0 such
that forv=1,2,3
Vi 0)Xilg0) () 2 (2.34)

up to passing to a subsequence.

Proof. We fixt = 0 and v > 0 and we let ¢ € By, )(p;j, 7). In the following we only
analyse the case of X since the others are proved similarly. We deal with the bounds for

Ve 0 X1lg;0) With & = 0,1, 2, 3 separately.

Case k = 0. We consider a ¢(t;)-unit speed geodesic from p; to ¢. From Lemma

.14 we get

VA (b, t5) — b(ps, t5) < /A sup  |bs| | dyii;y(pj, q) < av.
Ba(e) (Pir/57)

The desired estimate then follows from (2.29) which gives \;b%(p;,t;) < .
Case k = 1. By direct computation we get

|Vg(t)X1|2('>t) =2 (bi +2u? 4 u? — 2) (-, 1),

for any ¢t € [0,T). Lemma [2.7]and Lemma imply that |V X1|(-, t) is uniformly
bounded and that the estimate (2.34) is satisfied.

Case k = 2. We analyse in detail only one exemplificative instance. One of the terms

appearing in the computation of the norm (\;)~z \Vz(tj)X 1] is

(A1) 72[Vg0,)X1(05,05,01)|b(g. 1;) = (A) 2 [basl(9,1)) < a/Aibla, 1),

where we have used (2.10). The last term is then bounded because it coincides with the

case k = 0 we have already discussed.
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Case k = 3. One of the terms appearing in the computation of (;)~'[V7, ) Xi|is

bSSS
b

(A) ' BIV 0y X1(0s, 05, B, 1) (g, 1) = (M) 10

J

(g, 1;)- (2.35)

According to Shi’s first derivative estimate the covariant derivatives of the curvature are

bounded on the singularity models, therefore there exists a uniform constant o such that

3
2

V)R g,y < a(X))2.

Thus we have

bSSS ss¥Ys

— (QJJ')S(Z) ’

b b?

k) (1) < (a3 +at)?) (a1

We can then bound the right hand side of (2.33) as

bSSS
b

(A7)0 (a,1)) < a1+ V/A0)(a,1) < f(v),

where the last inequality follows again from the case k£ = 0. The other terms are dealt
with similarly.

Let now t € (—o0, 0]. By Corollary we get

t
)‘j bQ(pjatj) - bQ(pjvtj + _) < a|t|‘

)\j S Of)\j

J

We may then extend the proof of the bound for the case £ = 0 for any ¢ € (—o0, 0]. The

cases k = 1, 2, 3 generalize easily. [

Since the rescaled Ricci flows converge to the limit ancient flow in the pointed
Cheeger-Gromov sense, from Lemma [2.30| it follows that the sequence ((IDj_l)*X 1 1S uni-
formly C*-bounded in By_ (o) (poo, 1) With respect to g..(0). We can then apply the Ascoli-

Arzela theorem and obtain the following

Corollary 2.31. There exists a subsequence (@;1)*)( | that converges in C? to a vector

field X1 o on By (0)(Poos 1)-
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From now on we re-index the subsequence given by the previous Corollary. In order
to prove that X . is actually a Killing vector field for g.,(0) we need a preliminary result.

The following shows that the singularity model cannot be Ricci flat.

Lemma 2.32. For any q € M, and for any t € (—00, 0] the following is satisfied:

jlggo b(®;(q),t; +tA; 1) = 0.
Proof. Suppose for a contradiction that there exist ¢ € M., t € (—00, 0], a subsequence
(which we still denote by j) and > 0 such that b(®;(q),t; + (A\;)"*¢) — . By
(2.29) we immediately derive that R,_;)(¢) = 0. Since any complete ancient solution
to the Ricci flow has nonnegative scalar curvature Chen| [2009], a standard application
of the maximum principle and the uniqueness of the flow among complete and bounded
curvature solutions yield Ric,, = 0 everywhere in the space-time. We then fix the time
to be 0 and assume that g.,(0) is not flat. By the uniform C"'-lower bound in (2.34) there
exists an open subset U C By (0)(Poo, 1) Where | X1 o]y (0)|o > 0, with X o given by
Corollary 2.31] From the real analyticity of the ancient limit flow Bando|[[1987] it follows
that there exists ¢ € U such that [Rmy_(0)|¢.(0)(7) > 0, otherwise the limit would be flat.
Moreover, b(®;(g),t;) — 0 as j — oo. For if such condition did not hold, then by (2.29)

the Riemann tensor would vanish at g. Since ¢..(0) is Ricci flat we get

0= ‘Ricgoo(o)im(o) (@)

.1 _
— 11II1 F ((k‘ol + ]{302 -+ /{303)2 + 2(1{701 —+ klg + k13>2 -+ (/{?03 —+ ]ﬁg + k23)2) (<I>j(q), tj)

—00 7
J J

: 1 _
= hm NG (b4 ((2/€01 + k’og)z + 2(k01 + k12 -+ k13>2 + (kog -+ leg)z)) ((D](Q), t])

By the Cheeger-Gromov convergence we get ®;(q) € By, (0)(p;,2) for j large enough.
Therefore, from Lemma (the case of k = 0) it follows that \;b*(®;(q),t;) < « for
j large and for some positive . From the estimate in Lemma [2.23] we finally derive that
the limit above is zero if and only if

lim (b2|secg(tj)|) (®5(9),t;) =0,

Jj—00
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with sec,(,;) the maximal sectional curvature of g(t;). Therefore by Corollary and

the choice of ¢, up to passing to a diagonal subsequence, we conclude that

0< |X1700|§oo(0)|ngoo(0)|goo(0)( ]) = hm |X1| ’ng] ’9,7(0)((I>j<q_))

= lim (b IRmy ;)| )((I)j((f))a

j—)OO

which is a contradiction because we have just proved that the right hand side must vanish.

]

We can now show that X  is a Killing vector field on the limit manifold for any

time.

Lemma 2.33. There exists a unique smooth extension of X « to the limit manifold M,
such that (CI> Y. X1 converges in C? to X1 , on compact sets. Moreover X o, is a goo(t)-

Killing vector field for any t € (—o0, 0].

Proof. We first prove that X, is a Killing vector field in B,_(0)(poo, 1) With respect
t0 g.(0). Suppose for a contradiction that there exist ¢ € By_(0)(P,1), 6 > 0 and
Z,W € C*(T' M) such that

950(0) (V“’” Xloo,W) + goo(0) (Z V=0 x, oo) >35> 0

in some compact neighbourhood 2 of ¢. By Corollary and the Cheeger-Gromov

convergence we get

O-'HQ':

(95(0) (V5. X0 (@3).W) +9;(0) (). 2.V X)) (@5(0)) = 3,

for some j large enough. If at ®;(q) we write (®;).Z = 2J0y,) + S, 2§ X}, and
similarly for (®,). W, then by the Koszul formula we get

Wl >

< (2007 (1 = w?) (z5w] + z/w5)) (D5(q)) -

Since | Z|y..(0)(q,0) > lim;_,0 /A;|2F[D(D; , for £ = 1,2 and similarly for WV,

we can use Lemma [2.7] (with £ > 0) for the case k& = 3 and conclude that there exists a
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positive constant 5 depending on ¢ such that

Wl >

<28 (1 —u?) (®5(q), t;) < ab(P,(q),t5),

where we have used Lemma[2.17] According to Lemma[2.32]we can choose j sufficiently
large such that the right hand side is as small as we need, thus obtaining the contradiction.
Since the limit ancient flow is real analytic Bando|[1987] and by Lemma[2.29| M is sim-
ply connected, it is a classic result that X ., extends uniquely to a global Killing vector
field on (M, goo(0)) Nomizu| [1960]. Being ¢.(0) complete, we also get that X . is
smooth.

Given v > 1, Lemma [2.30| implies that for any subsequence of ((IDj_l)*X 1 there exists a
sub-subsequence that converges in C*? to some vector field on By_ (o) (P, ). The argu-
ment above shows that the limit vector field must be a Killing field for g,,(0). By the
uniqueness result in Nomizu| [[1960] we conclude that such limit vector field is indeed
X1,00- The statement is then proved when ¢ = 0. The very same proof for the case ¢ = 0

works when t € (—o0, 0]. O

The lower bound and the previous Lemma extend to the sequences (®; '), X,
and (<I>j_1)*X3 which then define analogous Killing vector fields X o, and X3 o, for the
singularity model. Moreover, from the Cheeger-Gromov-Hamilton convergence we de-
rive that the system {X; . }?_, is an orthogonal frame with respect to g.,(¢) for any
t € (—o0,0]. We can now prove that this frame of Killing fields implies that the sin-

gularity model is spherically symmetric.

Lemma 2.34. The metric g..(t) is rotationally symmetric for any t € (—oo, 0]. Moreover

My, =R*or M, =R x S5

Proof. According to (2.34) and the orthogonality of the vector fields X; ., there exists
at least a point ¢ € M., where this frame spans a 3-dimensional subspace of 7, M.
Therefore, since the Lie brackets are preserved in the limit, Lemma implies that there
exists a (non-trivial) copy of su(2) in the Lie algebra of Killing fields iso(Mu., goo(t)). By
integrating the Killing fields we derive that SU(2) acts isometrically with cohomogeneity

one on (M, goo(t)) for any ¢ € (—o0,0]. In particular, by the Lie algebra constants we
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see that { X « }?_, is a Milnor frame for go(¢). In fact, since || X1 0| g (1) = || X2,00|lgoo t)
on M it follows that the singularity model is U (2)-invariant. We can then write M, =
2sing U Mprin, Where M, is an open dense submanifold foliated by maximal orbits. We
note that when X;,, = () Lemmaimplies that M, = R x S3.

All the information about g.. () can be obtained by restricting it to a geodesic starting at
the singular orbit and meeting the principal orbits orthogonally. Namely, once we denote

the dual coframe associated with {X; . }?_; by {0i « }7_;, we have

goo(t)|Mprin = (dyt)2 + qbioo(y’ t) <O-ioo _I_ Ug,oo) + qbg,oo(y’ t) O%,OO’

With @; o0 (,1) = | Xisolgoo ) (y) forany y > 0,¢ < Oandi = 1,3.

Let ¢ € Mpyin. By the convergence of (@;1)*XZ- to X; ~ on compact sets, we get

1 (b ,O00 1 |X1700| oo
(5= -1) = (= -1)w
¢1,oo (bS,oo |X1700’goo(t) |X3700|goo(t)

1 t
= lim Wov) (w ' —1) (cbj(q),tj + T) <0,

j—o0 )‘j j

where we have used the estimate in Lemma[2.17] Since the ratio b/c > 1 is scale invariant
we obtain ¢ o, = ¢3.0. Thus goo(t) is SO(4)-invariantf. Furthermore, if there exists a
singular orbit, then ¢; .. = ¢ is an odd function with 0y, o (Xsing, t) = 1 (see, e.g.,
Grove and Ziller [2002]). From the boundary conditions we deduce that M., = R*.
We may finally conclude that M., = R* or M, = R x S? with

Goo(t) = (dys)? + &% (31, 1) gss, (2.36)

where ¢gs is the standard constant curvature 1 metric on S® and

) t
Poo(q,t) = lim /A; b <¢j(Q)7tj + —> ;
J—r00 )\j

for any (¢,t) € My x (—00,0]. O

We now show that Lemma|[2.34]actually extends to any singularity model of a warped

Berger Ricci flow in G... Indeed, given a blow-up sequence (p;, t;) as above and a radial
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coordinate 1 > p, with p satisfying (2.31)), then by Lemma [2.25] it suffices to prove that

any rescaled geodesic ball By, ) (p;, V) lies in B(o,r,) for j sufficiently large.

Lemma 2.35. Let (Mo, §oo(t), Poo) —co<t<o be a singularity model for a warped Berger
Ricci flow (R*, g(t))o<i<, with T < oo, starting at some gy € Goo. For any t < 0, for
any v > 0 and for any r1 > p, with p satisfying (2.31), there exists jo = jo(t,v,r1) such
that for all j > jo we have

By, (pj,v) C Blo,11).

Proof. Given a blow-up sequence (p;, t;) with p; = (r;,6) for some 6 € S®, we observe
that up to a finite number of indices we have r; < p otherwise [Rmy,)|y(,)(p;) would
be bounded. Suppose for a contradiction that there exist a time ¢, a radius v, a coordinate
71 > p and a subsequence q;, = (y;,.,0;.) C By, (pj,v) such that y;, > ry. Then by

(2.31)) and standard distortion estimates of the Riemannian distance we get

14

Aj

> dg(tijri)(pjk: QJk) > yeggm) dg(t]-k—&-ﬁ)(y? Z)

k z€S(0,r1)

>« inf d,(y,2),
= St P (y,2)
z€S(o,r1)

which then gives us a contradiction for % large enough. 0

We may then adapt all the arguments above and conclude that any singularity model
of a warped Berger Ricci flow in G, is rotationally symmetric. We finally address the

proof of the classification result in Proposition [2.28]

Proof of Proposition[2.28 Lemma implies that any singularity model is SO(4)-
invariant and hence in particular locally conformally flat. Thus by Zhang|[2008]] we derive
that any singularity model has nonnegative curvature operator. Since we have shown that
singularity models are weakly x-non-collapsed at all scales, we find that any singularity
model is a k-solution to the Ricci flow. If the curvature operator is not strictly positive
at some point in the space-time, then the rotational symmetry and the classification in
Hamilton [[1986] shows that (M., g~ (%)) must be isometric to the self-similar shrinking

soliton on the cylinder R x S3.
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Conversely, if the curvature operator is strictly positive at a point, then by the strong

maximum principle we conclude that the singularity model is positively curved. [

Remark 2.8. We point out that Proposition extends to warped Berger Ricci flows

for which both the estimate (2.29) and the rotational symmetry type of bounds in Lemmas

2.17\2.19 and2.23] are satisfied.

2.6 Proofs of the main results

2.6.1 Bryant soliton singularities

In this subsection we show that any Ricci flow in G encounters a Type-II singularity and

that Theorem [2.2]1is satisfied.

Proof of Theorem[2.1] According to Lemma [2.13] the Ricci flow develops a finite-time
singularity at some 7" < oo. Suppose that the Ricci flow is Type-I and let > be the
singular set defined as in [Enders et al.,|2011, Definiton 1.5].

If the origin o does not belong to ¥, then the flow stays smooth on B(o, 2p) for some
p > 0. Thus there exists § > 0 such that b(p,¢) > 6 > 0 for any ¢ € [0,7). Lemma[2.12]
then implies b(r, ) > ¢ for any r > p and for all ¢ € [0,7"). From the estimate (2.29) we
finally deduce that the curvature stays uniformly bounded outside B(o, p) and hence on
R%. The latter condition contradicts that the flow develops a singularity at 7" \Shi| [1989].

If o € X, then we can apply [Enders et al., 2011, Theorem 1.1] and derive that any
parabolic dilation of the flow at o (sub)converges to a non-flat shrinking soliton. By the
classification in Proposition [2.28] we get that any such singularity model is a shrinking
cylinder Kotschwar [2008]]. However by the SU(2) symmetry and the Cheeger-Gromov
convergence we have just shown that the cylinder R x S is exhausted by open sets dif-
feomorphic to R*, which is not possible. Therefore, the singularity is Type-IL.

Since the flow is Type-II and non-collapsed we can choose a blow-up sequence giv-
ing rise to a singularity model which consists of an eternal solution [Hamilton, 1995,
Section 16]). By the classification in Proposition [2.28| we deduce that such eternal solu-

tion is rotationally symmetric and positively curvecﬂ Therefore the scalar curvature and

2 At this point, one can also rely on the recent classification of rotationally symmetric x-solutions in [Li
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the Riemann curvature are comparable up to the singular time and we can hence adapt

the argument in [Hamilton| [1995] to extract a space-time sequence (p;,t;), with ¢t; T

such that if we set \; = Ry.y(p;), then the rescaled Ricci flows (R*, g;(t), p;) defined

by g;(t) = X\;jg(t; + (\;)"'t) (sub)converge in the pointed Cheeger-Gromov sense to a|

\k-solution whose scalar curvature attains its supremum in the space-time. According to|

[Hamilton| [19934] the singularity model is then a gradient steady soliton. Since by Propo-|

sition 2.28 such gradient steady soliton 1s complete and rotationally symmetric, it must be|

1sometric to the Bryant soliton [Chow et al., 2007, Theorem 1.35]. L]

\Proof of Theorem|2.2] We prove the four points in Theorem [2.2] separately. |

| (i) The Bryant soliton appears at the origin. Let (p;,t;) and \; be defined as in the|

pproof of Theorem [2.1} let ®; be the family of diffeomorphisms given by the Cheeger-|

Gromov convergence and let (R?, g..(¢), o) be the Bryant soliton arising as limit singu-|

larity model. By the SU(2) symmetry we may choose p; of the form (r;,6) for some|

0 € S°. Suppose for a contradiction that there exists & > 0 such that for j suffi-

ciently large we have dy oy(0,p;) > 20 > 0. We may then find points ¢; = (7;,0),

with 7; < r;, such that, up to passing to a subsequence, ®, ' (¢;) — (s for some ¢u|

satisfying dg__(0)(Poo, §oo) = 0. Since the scalar curvature of the Bryant soliton g (t)|

attains its maximum at the centre of symmetry, i.e. at the origin of R*, we deduce that

Poo = 0 € R* and therefore that the Killing vectors {X; ..} constructed above need to|

wvanish at p... Equivalently, from the argument in Lemma|[2.34 we derive that |

0 = | X1 00]g00 (0) (Po0) = lim Ajb(rj,t5).

Since the warping coefficient b 1s monotone in space and r; < r; we have

X1 00l g0 (0) (@) = jli_{go VAO(75, 1) <0,

'which 1s not possible because the Killing fields generating the rotational symmetry cannot|

[2018]] to conclude that such eternal solution must be isometric to the Bryant soliton. However,
we chose to present a more self-contained argument which is sufficient to complete the proof of Theorem
1.
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vanish along a principal orbit, i.e. away from the origin. Therefore, up to choosing a
subsequence, we have d,; ()(0,p;) — 0. In particular, we may pick a subsequence such
that Ry;,y(0) > (1 — 6;)\; for some 6; — 0. If we then dilate the Ricci flow by factors

Ry(t;)(0) we still obtain the Bryant soliton as pointed Cheeger-Gromov limit.

(ii) The singularity is global. Consider the set of points where the flow becomes

singularast 1"
- 4 .15 . _
Q{peR .};rr%b(p,t)gl/r(r%c(p,t)().}.

We note that the previous definition makes sense due to Corollary [2.22] and the estimate
(2.29). Part (ii) in the statement of Theoremis equivalent to showing 2 = R*. Indeed
we have proved above that the curvature cannot stay uniformly bounded at the origin,
while away from the origin the estimate (2.29) implies that both b and ¢ need to converge
to zero as t * T for the curvature to blow-up. We assume for a contradiction that
Q) # R By Lemmathere exists 7 > 0 satisfying {2 = B(o, 7). We may always take
the Euclidean ball B(o, 7) to be closed because by Corollary there exists a uniform

constant « > 0 such that b*(r,t) < a(T —t) forall 7 < 7.

Claim 2.36. Let (R*, g(t))o<i<T be the Ricci flow starting at some gy € G. Then
lim »p cH(r,t) = 0 for any r > 7.

Proof of Claim[2.36] We prove the Claim by a blow-up argument. Namely, we show
that if the statement was false, then any singularity model would have Euclidean volume
growth, thus leading to a contradiction.

Since by (2.29)) the curvature is uniformly controlled in time for any radius r > 7 by some
positive constant only depending on 7, the same argument in the proof of Lemma [2.26]
shows that the limit lim, ~;- cH (r, t) is well defined and finite (and nonnegative by Lemma
for any r > 7. Suppose that there exists 7y > 7 such that lim; »p cH (ro,t) > 0.
Then the same argument in Corollary implies that ¢/ is uniformly bounded from

below by some x> 0 on the ball B(o,ry) for times close to 7'. In particular, by Lemma
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[2.25]there exists a > 0 satisfying

bs > (/ﬂf1 — ab)

W =

on B(o, ) for times close enough to 7". Let us rescale the solution along a blow-up
sequence and let (M., goo(t), Poo) be the associated singularity model. We note that by

Lemma if ¢ € M, then ®,(q) € B(o,ry) for j large enough. Moreover, we have

L.

[

bs<q)j(Q)>tj) > (NU_I - a/b) (qu(Q>7tj) >

Thus, from Corollary [2.3T]and Lemma [2.34] we derive that

(1= (9y0s0)*)(4,0) = (05.k73)(q,0) = lim (4 — b7 — 3u”) (®,(q), ;)

Jj—00

i 1
= Jim (1—-07) (®5(a),1;) < 1 5on,

which then implies J,¢o.(¢,0) > p/6 for any ¢ € M. Since the limit is rotationally

symmetric we obtain

Vol 0)(By..0)(Poos p)) = ap?, (2.37)

for any p > 1 and for some o« > 0. By Proposition [2.28] and the bound (2.37) we
conclude that (M, g»(t)) is a non-compact x-solution with positive asymptotic volume
ratio. According to a rigidity property proved by [Perelman, 2002, Proposition 11.4]

Joo(t) must then be flat, which is a contradiction. O

Since by Claim [2.36] (b?c)4(r,t) = b*cH(r,t) — Oast /T for all 7 > T we can

argue as in the proof of Lemma [2.26] and deduce that there exists v > 0 such that

. 2 . _
tthle c(rit)y=», Vr>r. (2.38)

We now show that if b is small at 7 for times close to 7', then b cannot jump to some
positive quantity v'/% for all » > 7 whent ~ T. Lete < 1 and 7. < T to be chosen
below such that b*(7,t) < e/2forallt € [T.,T). Weletr. > 7 be such that b*(r., T.) <
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and T be the first time larger than 7 such that b(r-, T) = 1, if such time exists. By Lemma
and Lemma [2.24] we have

Ob* (e, t) = 2 (bbgs + u”"byes + b2 + 20 — 4) (1., t) < 2(bbgs + ab)(re, t)

(0%

(ﬁw) e 8) = Tiogay =1

for some a > 0 independent of € and ¢ and for all t € [T, T]. Thus, we can integrate the

previous inequality and obtain
0 (re,t) (2llog(b(re, )| +1) < alt = T2) + b (re, Tt) (2[log(b(r=, T2))| + 1)
Therefore, since b*(r.,T.) < ¢ < 1 we get
b (r.,t) < ofT —T.) + 3e.

Once we choose ¢ and 7. accordingly, we derive that T does not exist and hence that

b2(r.,t) < ~3 /4 forall t € [T.,T). We then find
be(re,t) < b*(re,t) < /8,

which contradicts (2.38). Therefore 2 = R*.

(iii) Type-1 blow-up at infinity. Once we know that the singularity is global it is
natural to expect shrinking cylinders to appear when dilating the solution at infinity.
Lett; /' T,¢6 > 0 arbitrary and ¢ > 0 be a positive quantity to be chosen below. Since
the spatial derivatives of b and ¢ are decaying to zero at infinity for any ¢t > T'/2, we may

always pick points p; such that d,, (0, p;) — oo and

bs
sup <|k’01| + |k‘03| + 3
By(t)(pj,0)

Cs

+ ) <e, (2.39)
&

forallt € [T/2,T; = (T +1t;)/2]. Let us denote the factors R,,)(p;) by A;. From (2.39)
we derive \;b*(p;, t;) > 8> 0 unlformly with respect to j. Since by Corollary [2.22]and

part (ii) of Theorem- b2 -, t) < a(T — t) for some uniform constant & > 0, we also see
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that A; — oo. Similarly, by (2.39) we find that 9,6%(-,¢) < —a < 0 in By (p;, ) for all

t € [T'/2,T;]. Therefore we have

a (]ﬂ] N O‘(TY] _tj)

(T =)A= 2(T; = ;) <

b*(pj, t5)

t.
DS o) +ally 1)

where we have used (2.29). Analogously, given v > 0, t < 0 and p €
By, (pj, v(A;) %) we see that

/\ij(pv tj + ()\j>_1t) > Ajb2(pa t]) + CY|t|7

for j large enough. From (2.39) we also derive the following spatial control:

log (—J <e :
‘ b(pjv tj ) \/ )‘j
We may finally estimate the curvature of the rescaled Ricci flows as

IR () < - < mor

A e CORE = Nty + () ) T A ty) + alt
< a .
= Bexp(—22) + alt]

Vi

Since the flow is weakly x-non-collapsed for some ~ > 0 we may apply Hamilton’s
compactness theorem and conclude that the sequence of rescaled Ricci flows converge in
the pointed Cheeger-Gromov sense to a singularity model (M, goo, Poo ) —co<t<o to Which
the classification in Proposition applies. In particular, g (t) is of the form (2.36).
Arguing as in the proof of Claim [2.36]and using (2.39) we see that

(1= (9y0sc)*)(4,0) = (¥3:k73)(q,0) = lim (4 — b7 — 3u®) (@5(q), 1;)

Jj—00

= lim (1 —07) (®,(q),t;) >1— (s}g})b?(.,()))@ >

: Y
J]—00

N | =

for € small enough, where we have used the fact that b is uniformly bounded from above.
We finally conclude that |0,¢.| < 1/2 which by the boundary conditions (2.7) and the
classification in Proposition implies that (M., g (%)) is the self-similar shrinking
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soliton on R x S3.

(iv) Classification of singularity models. According to Proposition [2.28] if the sin-
gularity model is not a family of shrinking cylinders, then it must be a positively curved
rotationally symmetric x-solution. By the recent classification in L1 and Zhang [2018] we
conclude that in this case the singularity model is isometric to the Bryant soliton (up to

scaling). [

2.6.2 Immortal warped Berger Ricci flows

Let (R*, g(t))o<t<T be the maximal Ricci flow starting at some gy € G.., and suppose that

T < oo.

Proof of Theorem[2.3] Let 75, t and 1 be given by Corollary and consider a blow-up
sequence giving rise to a singularity model (M, goo(t), Poo). Since by Lemma [2.35]the
rescaled geodesic balls are included in B(o, 72) for j large enough, we can argue exactly
as in the proof of Claim and deduce that any singularity model for the flow is in fact

flat. This shows that the maximal time of existence cannot be finite. ]

2.6.3 Type-I Berger Ricci flows contain minimal 3-spheres

The existence of sufficiently pinched minimal embedded hyperspheres gives rise to Type-
I singularities for (asymptotically flat) rotationally symmetric Ricci flows on R™ as shown
in Chapter 1. Thus, in general we cannot extend the conclusions of Theorem and
Theorem [2.3]to include initial data containing minimal 3-spheres.

While in the SO(n)-invariant case no minimal spheres can appear along the flow, in the
SU (2)-cohomogeneity one setting an analogous property might fail. On the other hand,
minimal spheres can disappear in finite time (see Proposition[I.7).

In the following we consider a Type-I warped Berger Ricci flow whose curvature is con-
trolled at spatial infinity uniformly in time. A priori one might expect that there exist
examples of Type-I singularities where both b and ¢ have local minima while the mean
curvature of the embedded hyperspheres remains positive. The next result rules out this
possibility. We prove that for times close to the maximal time of existence a Type-I

warped Berger Ricci flow solution (R*, g(¢)) must contain minimal 3-spheres.
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Proof of Theorem The decay of the curvature and the lower bound for the injectivity
radius ensure that holds for some sufficiently large radius p. Therefore Lemma[2.25]
and hence the classification of singularity models in Proposition are satisfied in this
setting (see also Remark [2.8). A first consequence of this fact is that the same argument
in the proof of Theorem [2.1] shows that if the origin is in the singular set (as defined in
Enders et al.|[2011])), then the singularity cannot be Type-I.

Therefore we only need to consider the case where the curvature stays uniformly bounded
in a Euclidean ball B(o, 27) for some 7 > 0. Accordingly, there exists € > 0 such that
b(7,t) > c(F,t) > eforany t € [0,T).

Assume for a contradiction that there exists a sequence ¢; T’ such that the mean curva-
ture of hyperspheres H (-, ¢;) is strictly positive on the time slices R* \ {0} x {¢;} - recall

that H(r,t) — oo as r — o. From the identity H = (log(b*c))s we deduce that
be(r,t;) > be(r, t;) > &°, (2.40)

for any j and for any > 7. Since Corollary [2.22] holds in this setting, the singular set
contains a point p € R*\ B(o, 27) such that b(p,t) — 0 as t ,* T and similarly for ¢ by
Lemma For if such p did not exist, then by the first estimate in Lemma [2.25|applied
to the region B(o, p) \ B(o,7) x [0,T), the curvature would be bounded as ¢ ,”* T" which
is not possible by [Shi| [1989]. This contradicts the inequalities in (2.40). [

Remark 2.9. The proof actually shows that H has to change sign for times close to the
maximal time of existence. Equivalently, the Ricci flow solution contains neck-like regions

that pinch off in finite time at a Type-I rate.

2.7 Some applications

In this section we provide two simple applications of the main results. On the one hand
we rule out the existence of Taub-NUT like shrinking solitons on R*. On the other hand,

we completely classify Ricci flows of nonnegatively curved warped Berger metrics.
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2.7.1 Non existence of Taub-NUT like shrinking solitons

Theorem [2.T]immediately implies that there are no warped Berger shrinking solitons with

no necks and bounded by a round cylinder at infinity. Namely, we have the following
Corollary 2.37. The set G does not contain shrinking Ricci solitons.

Recently, Appleton found non-collapsed Taub-NUT like gradient steady solitons on
R* |Appleton| [2018]]. It is straightforward to check that these solitons belong to G..
Indeed the curvature decays linearly at spatial infinity and both the warping functions b
and c are increasing in space. According to Theorem there are no shrinking solitons
on R* analogous to the steady ones constructed in |Appleton| [2018]. More precisely, we

have shown the following:
Corollary 2.38. The set G, does not contain shrinking Ricci solitons.

We note that by Kotschwar| [2008]] it is known that there do not exist complete non-

trivial rotationally invariant shrinking soliton structures on R*.

2.7.2 Ricci flow of Berger metrics with nonnegative curvature

By combining Theorem [2.1)and Theorem [2.3] we are able to classify Ricci flows evolving
from complete warped Berger metrics with bounded nonnegative curvature operator. We
recall that by Hamilton| [1986] the curvature operator stays nonnegative along the Ricci

flow in any dimension.

Proof of Corollary[2.6] 1f gy is a complete warped Berger metric with bounded nonneg-
ative curvature, then the injectivity radius of gy is positive and bs; < 0 and c;; < 0. By
completeness the latter condition implies that both b, and ¢, are nonnegative. Thus there
exists a positive (possibly infinite) quantity p = lim, ., b(r, 0).

If 4 < oo, ie. b(-,0) is bounded on R%, then gy belongs to G and the conclu-
sions of Theorem and Theorem apply. In particular, there exists a sequence
t; /* T such that the rescaled Ricci flows (R*, g;(t), 0) defined by g;(t) = Ry, (0)g(t;+
(Ry(t,)(0))~'t) converge to the Bryant soliton in the Cheeger-Gromov sense. Given any

other sequence fj T, from the trace of the Harnack estimate Hamilton| [1993b] we
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derive that

~ t;
Rlo.1;) > 7 Rlo.t))
J

up to reordering the indices. Therefore we conclude that dilations of the Ricci flow by
factors R(0, ;) still give rise to the Bryant soliton.

If ;© = oo, then consider the Ricci flow solution starting at go and pick 0 < ¢y < T'.
The vertical sectional curvatures decay to zero at infinity being the spatial derivatives
bs(+,to) and c,(-, to) decreasing and nonnegative. In particular by, /b(-, to) (and css/c(+, to)
as well) is integrable. By the same argument we used to prove Claim [2.18] we get
bss/b(1,t9) — 0 at infinity and similarly for ¢, /c(r,ty). Therefore g(ty) € G and
we can apply Theorem [2.3]



Chapter 3

Convergence of Ricci flow solutions to

Taub-NUT

In this chapter we study the Ricci flow starting at an SU(2) cohomogeneity one metric g
on R* with monotone warping coefficients and whose restriction to any hypersphere is a
Berger metric. If gy has bounded Hopf-fiber, curvature controlled by the size of the orbits
and opens faster than a paraboloid in the directions orthogonal to the Hopf-fiber, then the
flow converges to the Taub-NUT metric gryyt in the Cheeger-Gromov sense in infinite
time. We also classify the long-time behaviour when gy is asymptotically flat. In order to

identify infinite-time singularity models we obtain a uniqueness result for gryyT.

3.1 Introduction

By Shi [1989] we know that a solution to the Ricci flow exists smoothly for all positive
times if the curvature is bounded on any time slice. Since the flow is a heat-type evolution
problem for Riemannian metrics, it is tempting to expect immortal solutions to approach
more regular structures in infinite time. We recall that, as reported in the introductory
chapter, the behaviour of a solution existing for all positive times has been classified

depending on whether the curvature decays at least as fast as ¢~ ' |[Hamilton| [1995]:

Type-11(b) : limsup (sup t|ng(t)|g(t)) = 0%
t Sloo M

Type-III :  lim sup (sup t|Rmyg )| g(t)) < o0.
t oo M
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Several examples of Type-III singularities for the Ricci flow have been found, both
in the compact setting [Lott and Sesum| [2014] and in the non-compact one Oliynyk and
Woolgar [2007]. In fact, some of these cases have been shown to be occurrences of more
general phenomena related to either the dimension or the existence of many symmetries:
Bamler [2018] proved that any closed 3-dimensional immortal Ricci flow encounters a
Type-III singularity in infinite time, while Bohm|[2015]] showed that the same conclusion

applies to any immortal homogeneous Ricci flow.

If a solution develops a Type-III singularity and converges smoothly without rescal-
ing in the Cheeger-Gromov sense, meaning that some control on the injectivity radius
is available, then the limit is flat. Since Ricci-flat metrics constitute fixed points for the
flow, it is natural to search for immortal solutions converging to Ricci-flat non-flat met-
rics in infinite time, thus encountering Type-II(b) singularities. In this sense, only few
results are known and most of them are stability properties: the initial condition needs to
be sufficiently close to the Ricci-flat metric for the Ricci flow solution to converge. For
such results, whether the underlying topology is compact or not plays a key role in the
analysis. Using Perelman’s A-functional, Haslhofer and Miiller| [2014]] proved stability
properties for closed Ricci-flat spaces, generalizing earlier work of Sesum|[2006]. In the
non-compact setting, Deruelle and Kroncke [2020] derived a stability result for a class of

ALE Ricci flat manifolds.

Since the Ricci flow preserves isometries, one might consider looking for solu-
tions converging to Ricci-flat fixed points when symmetries are present. In this di-
rection, Marxen| [2019]] recently generalized earlier work of Hamilton to prove that if
(N, gn) is closed and Ricci-flat, then a class of warped product solutions to the Ricci flow
(Rx N, g(t)), of the form g(t) = k*(r, t)dr*+ f*(r, t)gn, converge to (R x N, dr?+c*gy),
for some ¢ > 0, whenever the initial condition is asymptotic to the target Ricci-flat met-
ric. On the other hand, in the maximally symmetric case of homogeneous Ricci flows,
convergence to Ricci-flat non-flat spaces is not possible due to a classic result of |Alek-
seevskil and Kimelfeld [1975]. One of the main contributions of this chapter consists in
proving that a large family of cohomogeneity one metrics on R* converge to the Ricci-flat

Taub-NUT metric in infinite time along the Ricci flow.
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More precisely, we focus on a subset of warped Berger metrics in G, as defined in
Chapter 2. We first recall that a well-known warped Berger metric on R* is given by the

Taub-NUT metric gryyT, Which can be written explicitly as

1 2m~! 5 77 2m~t\ |, m?
gT™NuT = 75 1+ . dr "‘Z 1+ , 7T952(%)—'_1_|_WU3®03’

for some parameter m which we call the mass of gyt and which measures the inverse of
the finite size of the Hopf-fiber at spatial infinity. The Taub-NUT metric is a gravitational
instanton found on R* by Hawking| [1977]]: it is a hyperkéihler and thus Ricci-flat asymp-
totically flat metric. We point out that the stability result in Deruelle and Kroncke| [2020]
does not apply to the Taub-NUT metric which is not ALE being (R* \ {0}, grnuT) the
total space of a circle fibration with fibres approaching constant length at spatial infinity.
In Theorem [2.3] we proved that if g, is a complete warped Berger metric with mono-
tone coefficients and curvature decaying at spatial infinity, then the maximal Ricci flow
solution starting at g is immortal. In light of such result and being grnyT an asymptoti-

cally flat metric, we first focus on the following family of initial data:

Definition 3.1. The class Gar consists of all complete warped Berger metrics g on R*

with monotone warping coefficients satisfying

sup (dy(0,p))*" |Rm,|,(p) < oo, 3.1)

pcR4

for some € > 0. A metric g € Gar is called asymptotically flat.

The class Gar divides in two categories (see Lemma: metrics with cubic volume
growth, for which b opens up linearly and the size of the Hopf-fiber approaches a positive

!, and metrics with Euclidean volume growth. Consistently with the

finite quantity m~
Taub-NUT construction we say that a metric g € Gar has positive mass m in the first case
and zero mass in the second case respectively. We prove that for solutions evolving from
initial data in Gaf, the long-time behaviour only depends on the mass.

In the following we say that a Ricci flow solution converges to a Ricci-flat metric

goo on R* in the pointed Cheeger-Gromov sense as ¢t oo if for any ¢; ,* oo the
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sequence (R*, g;(t),0), defined by g¢;(t) = g(t; + t), converges to (R?*, g, 0) in the

pointed Cheeger-Gromov sense. In particular, there is no rescaling of the solution.

Theorem 3.1. Let (R*, g())>0 be the maximal solution to the Ricci flow starting at some

9o € Gar. Either one of the following conditions is satisfied:

(i) If go has positive mass m, then g(t) encounters a Type-II(b) singularity and con-

verges to the Taub-NUT metric of mass m in the pointed Cheeger-Gromov sense as

t 7 oo.

(ii) If go has zero mass, then the solution encounters a Type-Ill singularity and con-

verges to the Euclidean metric in the pointed Cheeger-Gromov sense ast /* oo.

We note that an analogous Type-III result for SO(n)-invariant Ricci flows without
minimal hyperspheres was obtained in|Oliynyk and Woolgar| [2007]. Moreover, a numer-
ical investigation on the stability of the Taub-NUT metric for warped Berger Ricci flows
in B* was conducted in Holzegel et al.| [2007]: Theorem and its generalization below
provide a rigorous frame for addressing the questions raised in [Holzegel et al. [2007] on
the R*-topology.

Appleton| [2018] proved that on R* there exists a warped Berger gradient steady
soliton with monotone coefficients, bounded Hopf-fiber and coefficient b in the directions
orthogonal to the Hopf-fiber opening as fast as a paraboloid in R3. Namely, the soliton

satisfies the asymptotics:
c(s) ~ constant, b(s) ~ /s.

Consequently, we cannot expect initial data opening with arbitrary speed to converge
to grnuT along the flow. The paraboloid growth rate plays a role in Ivey| [1994], where
they found a family of positively curved, pinched SO(3)-invariant immortal Ricci flows
on R? opening (at least) as fast as a paraboloid that do converge in subsequences in the
pointed Cheeger-Gromov sense as ¢t * oco. Partly motivated by such analysis, we in-
vestigate whether a similar convergence property holds for warped Berger Ricci flows
opening faster than a paraboloid, thus ruling out Appleton’s soliton, without restricting to

positively curved pinched solutions. With that in mind, we give the following:
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Definition 3.2. For all 0 < k < 1, the class Gy consists of all complete warped Berger

metrics g with monotone coefficients satisfying:
(i) 0 < liminf,_,o bsb*(s) < limsup, .. bsb¥(s) < oo,
(ii) SUp,cpa (bQ‘ng‘g) (p) < o<,
(iii) sup,cgas c(p) < oo.

We note that the assumptions in Definition 3.2 are independent and that properties
(i), (ii) cannot be replaced by requiring a suitable rate of curvature decay (a thorough
discussion is provided in Section 3.2.6). In particular, we point out that metrics in Gaf
with positive mass belong to G,. By integrating (i) we see that if g € Gy, then the warping
coefficient b grows like sﬁl, meaning that the projection of g on the base space via the
Hopf-map opens faster than a paraboloid in R3. The first order constraints in (i) and
the decay in (ii) allow us to apply a maximum principle argument to show (we refer to
the Outline for more details) that Ricci flow solutions starting in G have a well defined
behaviour at spatial infinity on any time-slice, meaning that (i) is preserved - not uniformly
though, in fact according to the convergence to Taub-NUT we deduce that there will be a
jump in infinite time.

We still call mass the inverse of the size of the Hopf-fiber at spatial infinity. We
prove that any maximal Ricci flow solution starting in Gy, develops a Type-I1(b) singularity

modelled by an ancient solution satisfying the conditions below.

Definition 3.3. Let m > 0. The class A consists of all complete, warped Berger ancient
solutions to the Ricci flow on R* with monotone coefficients and curvature uniformly

bounded in the space-time, satisfying

f

~

)

bs >

ol

sup c¢= m~t

R4 x (—00,0]

for some continuous positive function f such that f(z) — oo as z — .
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We point out that the class A describes warped Berger ancient solutions opening
faster than a paraboloid in the directions orthogonal to the Hopf-fiber. Our second main

result is a rigidity property.
Theorem 3.2. The only ancient solution in A is the Taub-NUT metric.

First, we observe that the result is optimal, for the existence of the gradient steady
soliton found by Appleton highlights that we cannot drop the requirement on f to diverge
in space-time regions where the roundness ratio ¢/b becomes degenerate. Moreover, the
Euclidean metric would also be included in the class A if we allowed the size of the
Hopf-fiber to be unbounded.

We emphasize that the rigidity result applies to possible collapsed infinite-time sin-
gularity models. Indeed, since the Taub-NUT metric is asymptotically flat with bounded
Hopf-fiber, we see that for any x > 0 there exist p € R* and r > 0 such that gryyt is
k-strongly collapsed at p for all scales larger than r. It is also worth comparing Theorem
[3.2] with a quantization result obtained by Minerbe| [2010], where they proved that a class
of hyperkéhler 4-manifolds must have cubic volume growth. Our rigidity result may then
be interpreted in terms of quantization of the volume growth as well, for in the definition
of A we, a priori, allow for ancient solutions with volume growth faster than quadratic.

As a consequence of the previous rigidity result we show the following:

Theorem 3.3. Let (R?*, g(t));>0 be the maximal solution to the Ricci flow starting at some
9o € G with mass m > 0. Then g(t) converges to the Taub-NUT metric of mass m in the

pointed Cheeger-Gromov sense ast ,/* <.

Again, the result is in some sense optimal because from the existence of the soliton
we derive that we cannot extend the convergence to initial data in G;. Theorem is
not a stability property: metrics in G are, with the exception of a subclass in G, not
asymptotically flat and indeed they have different volume growth and rate of decay of
the curvature with respect to the Taub-NUT metric. In fact, we can find initial data with
nonnegative sectional curvature flowing to the Ricci-flat Taub-NUT metric. While the fact
that positive sectional curvature is not preserved along the flow in dimension higher than

three is well known, even in the cohomogeneity one setting Bettiol and Krishnan| [2016]],
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in the result below we prove that negative sectional curvature terms not only appear along
the solution but also balance out the positive terms to yield a Ricci-flat limit in infinite

time.

Corollary 3.4. There exists a complete, bounded curvature warped Berger metric gy with
sec(go) > O such that the maximal Ricci flow solution starting at gy is immortal and

converges to grnuT in the pointed Cheeger-Gromov sense ast /" oo.

Outline

In Section 3.2 we describe the class of initial data and we comment on the assumptions. In
particular, we recap a few key properties of grnyt. In Section 3.3 we focus on Ricci flows
starting in Gar. In the asymptotically flat setting one can control the solution at spatial
infinity in a precise way and hence maximum principle arguments follow. Similarly to
other cohomogeneity one scenarios Oliynyk and Woolgar| [2007], Isenberg et al. [2016],
Appleton [2019], D1 Giovanni|[2020]], we prove that the curvature is uniformly controlled
whenever the principal orbits are non-degenerate. More importantly, we show that if the
Hopf-fiber is bounded, then the solution always opens faster than a paraboloid in R? in
any space-time region where the roundness ratio ¢/b gets small. We dedicate Section
3.4 to extending the analysis for asymptotically flat Ricci flows with positive mass to
solutions starting in Gy. In this regard, a few extra-steps are needed to prove that the initial
assumptions in the definition of G, do imply that the behaviour of the warping coefficients
at spatial infinity along the solution is known: an important ingredient is the preservation
of the power law decay of the curvature along Ricci flow solutions derived in |Lott and
/hang [2016]. Once we can control the solution on the parabolic boundary, we then
rely on a maximum principle argument to prove that the faster than a paraboloid-growth
condition holds uniformly in any space-time region where the roundness ratio ¢/b is small.
One may then concentrate on compact time-dependent regions where the squashing factor
¢/b is non-degenerate and, analogously to the asymptotically flat case, we prove that there
are no space-time regions resembling necks in infinite-time: this is the key result to show
that the curvature is uniformly bounded in time. In Section 3.5 we present a compactness
result for a class of warped Berger solutions of the Ricci-flow on R*. Such property

has an analogous counterpart in|Appleton| [2019], where they formulate the compactness
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theorem under a different set of assumptions. In particular, they focus on non-collapsed
sequences of Ricci flows, being interested in applying the result to the analysis of finite-
time singularities. However, in our setting such assumption is not available for we wish to
study infinite-time singularity models of (non-rescaled) Ricci-flows. Therefore, we prove
that one can still pass to a pointed Cheeger-Gromov limit which not only preserves the
symmetries but whose warping coefficients are smooth limits of the warping coefficients
along the sequence, provided that the roundness ratio ¢/b is non-degenerate at the given
origins we center the solutions at. As a first application of the compactness result, we
show that the curvature of any Ricci flow solution in G, and Gaf is uniformly bounded in
time so that we never need to rescale for obtaining smooth limits at infinite time. Section
3.6 is devoted to proving that the only complete warped Berger ancient solution with
monotone coefficients, bounded curvature, bounded Hopf-fiber and opening faster than
a paraboloid along the directions orthogonal to the Hopf-fiber is gryyt. The argument
follows a similar approach used by |Appleton| [2019] to derive a uniqueness result for the
Eguchi-Hanson metric: we rely on the Compactness result in Section 3.5 to show that
relevant geometric quantities always attain their critical values in the space-time, up to
passing to a pointed Cheeger-Gromov limit sharing the same features of the given ancient
solution. In particular, we prove that one of the hyperkihler first-order quantities which
vanishes identically for gryyt is always nonnegative on the class of ancient solutions
described above: this yields that the ancient solution is Ricci-flat and hence homothetic
to grnut. We point out that differently from the case discussed by Appleton, we cannot
use the x-non-collapsedness of the ancient solutions, which plays an important role in
their analysis. Therefore, one of the main difficulties here consists in ensuring that the
roundness ratio c¢/b stays positive along any space-time sequence we use to approximate
critical values of some given geometric quantity so that the compactness result can indeed
be applied. In fact, we know that on the soliton the hyperkihler quantity mentioned
before approaches its negative infimum in space-time regions where the roundness ratio
becomes degenerate. Finally, we rely on the uniqueness result in Section 3.6 to prove the

convergence of immortal Ricci flows in G, and Gar.
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3.2 Initial data for the Ricci flow

3.2.1 Warped Berger metrics with monotone coefficients

Since we are interested in studying the long-time behaviour of the Ricci flow, we always
consider maximal solutions evolving from warped Berger metrics (2.4)) with coefficients

b and c increasing in space. Namely, we make the following:

Definition 3.4. A warped Berger metric has monotone coefficients if
bs >0, cs > 0. (3.2)

The reason we restrict our analysis to this subclass is twofold. From Theorem
we know that there exist spherically symmetric asymptotically flat initial data containing
minimal 3-spheres leading to the formation of finite-time Type-I singularities along the
Ricci flow. The monotonicity condition is meant to generalise the lack of minimal embed-
ded spheres for the SO(n)-invariant setting and is hence natural when the emphasis is on
investigating the long-time behaviour of the Ricci flow. Indeed, in Chapter 2 we proved
that the maximal complete, bounded curvature Ricci flow solution starting at some warped
Berger metric with monotone coefficients and curvature decaying at spatial infinity is im-
mortal. In fact, the result holds with assumptions weaker than the spatial monotonicity of
both the coefficients b and c. However, the stronger requirement provided in Definition
3.4|allows us to control the injectivity radius of the solution only in terms of upper bounds
of the curvature.

Since by Theorem we have a large family of immortal solutions, we wish to
determine for which subclass it is possible to classify the infinite-time singularity models.
In particular, we aim to identify a class of initial data giving rise to solutions encountering
a Type-II(b) singularity at infinite time modelled by the Taub-NUT metric. In order to do

that, we first recollect a few properties of the Ricci-flat Taub-NUT metric.

3.2.2 The Taub-NUT metric

The Taub-NUT metric is a complete gravitational instanton found on R* by Hawking

[1977]. Following Gibbons and Pope [1979]], Atiyah and Hitchin [1985] we describe the
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Taub-NUT metric gryyT as the complete, non-flat, warped Berger metric on R* of the

form (2.4), whose warping coefficients b and c satisfy the differential equations below:

Jy=c,—u*=0, (3.3)

and

Jo=bs+u—-2=0. (3.4)

The first-order conditions define a hyperkdhler structure on (]R“, gTNUT)» SO that grnuT 1S
in particular Ricci-flat. One may solve explicitly the equations and write gryyT as (see

also [Fine et al.| [2017]]):

1 2! P 2m m?
grvuT = 1o <1+ - ) dr’+ <1+ . ) T 952+ 7 zmer 8 © 0 B

where m is a positive parameter quantifying the mass of the magnetic monopole giving
rise to the Taub-NUT metric Hawking|[[1977]. Since m~' measures the size of the Hopf-
fiber at spatial infinity, we see that gryyTt has cubic volume growth, meaning that there

exist A > « > 0 such that
ar3 < VOlgTNUT (BQTNUT (07 T)) < AT37 vr > 1.

From the formulas of the curvature terms given above we also derive that gryyT 1S an

asymptotically flat metric satisfying

sSup (dgTNUT (07p))3|Rm9TNUT|gTNUT (p) < 0.
peR4

Since by (3.4)) the coefficient b along the S*-direction orthogonal to the Hopf-fiber grows

linearly in the distance, we get

b*(s)[kr2l(s) = & > 0,
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for all s > 1. Namely, we find that b*|Rm., . > 4 away from the unit ball with

o
respect to gryyT centred at the origin. By the latter property and the uniform boundedness
of the Hopf-fiber we derive that for any x > 0 there exist p € R* and 7 > 0 such that
gtnuT 18 strongly k-collapsed at p for all scales larger than r. According to Perelman’s
analysis, we can rule out the Taub-NUT metric as a possible finite-time singularity model

for the Ricci flow. One of the main goals of this chapter consists in showing that grnyT

can actually appear as an infinite-time singularity model for immortal Ricci flow solutions.

3.2.3 Asymptotically flat initial data

Since the curvature of the Taub-NUT metric decays at a cubic rate at spatial infinity, it is
worth investigating the Ricci flow starting at a warped Berger asymptotically flat metric.
It turns out that, as long as we restrict our analysis to asymptotically flat metrics with
monotone coefficients, the long-time behaviour of the flow for those initial data can be
entirely classified and only depends on the length of the Hopf-fiber at spatial infinity.

First, we set the following:

Definition 3.5. The class Gar consists of all complete warped Berger metrics g on R*

with monotone coefficients satisfying

2+e€

sup (dg(0,p))"™" [Rmyl,(p) < oo, (3.6)

pcR4

for some € > 0. A metric g € Gar is called asymptotically flat.

Below we provide a simple characterization of Gag. In fact, for the next result we

may also drop the assumption on the monotonicity of the warping coefficients.

Lemma 3.5. Let g be an asymptotically flat warped Berger metric on R*. Then either one

of the following conditions is satisfied:
(i) There exist the limits

lim b(p) =2, lim ¢(p)=0, lim c(p)=m," € (0,00).

s(p)—o0 s(p)—o0 s(p)—o0
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(ii) There exist the limits

dm b(p) =1, lm ci(p)=1.
Proof. In the following we always take s > 1 and we let € and « be the positive number
appearing in (3.6) and a uniform constant that may change from line to line respectively.
We first note that the asymptotic behaviour of the derivatives is a known fact Unnebrink
[1996] under slightly weaker assumptions. We now explicitly check that under the re-
quirement of faster than quadratic curvature decay, in case (i) the warping coefficient c
admits a finite positive limit at spatial infinity. Since ¢, is decaying to zero at spatial infin-

ity there exists v > 0 such that ¢(s) < v s. Consider the quantity » = min{¢,3/4}. From

(2.11) and we derive

|Sl+u

css| < s < a.

24v % | <
c
We can thus apply I’Hopital formula and conclude that s3¥c, is bounded for all s > 1. It

follows that

for all s > 1. Since b grows linearly with respect to the geometric coordinate s, we also

have
U2
SV < asTH < asTs.

b2 —

wlv

The previous estimate, the condition by — 2 and formula (2.9) yield

1+v %
c

< o

S

By integrating we conclude that there there exist 0 < 6 < M < oo such that

0<c<M

for any s > 1. The uniform upper bound for ¢ and 2.11)) give |cys| < s 7. Integrating

and using that ¢, — 0 at infinity we obtain |c,| < as™ 7. Therefore ¢ admits a limit at
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infinity, which by the previous analysis needs to be positive and finite. [

Remark 3.1. From the classification result in Lemma we see that any metric g €
Gar with vanishing asymptotic volume ratio behaves like the Taub-NUT metric at spatial
infinity, in the sense that Vol,By(0,r) ~ 13, for r > 1. In particular, for any such g
the Hopf-fiber has a well defined positive and finite length at infinity. In analogy with
the magnetic monopole construction of the Taub-NUT metric, we refer to the quantity
(limg(p) o0 €(p)) ™' = my as the mass of g. Accordingly, Lemma implies that the class
GaF is the union of cubic volume growth metrics with bounded Hopf-fiber -i.e. positive
mass - and of Euclidean volume growth metrics with unbounded Hopf-fiber - i.e. zero

mass.

3.2.4 Initial data opening faster than a paraboloid

Appleton proved that on R* there exists a warped Berger gradient steady soliton with
monotone coefficients which is characterized by the following asymptotics at spatial in-
finity Appleton [2018]:

c(s) ~ constant, b(s) ~ /s.

Therefore, the length of the Hopf-fiber approaches a positive finite quantity at spatial

infinity, while the projection on the base space R? \ {0}
gr3 = dSZ + bz(é’) 7('*952(%)

opens as fast as a paraboloid on R3. Thus, we derive that initial data opening at spatial
infinity with arbitrary speed may fail to converge to the Taub-NUT metric in infinite time,
the soliton being an explicit example for that.

Ivey| [1994] showed that a family of positively curved, pinched SO(3)-invariant im-
mortal Ricci flows on R? opening (at least) as fast as a paraboloid do converge along
subsequences in the pointed Cheeger-Gromov sense as ¢t * oo. In line with this result,
one is tempted to ask whether an analogous property holds in our setting. Accordingly, we
aim to determine whether the soliton provides a sort of lower barrier for the convergence

property, in the sense that any solution with bounded Hopf-fiber and warping coefficient
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along the S?-direction growing faster than a paraboloid in R? does flow to the Taub-NUT
metric in infinite time. From a slightly different angle, we investigate whether the Taub-
NUT metric is the only complete, bounded curvature warped Berger ancient Ricci flow
with monotone coefficients, bounded Hopf-fiber and opening faster than the soliton.

By the previous observations we need to characterize the property of a warped Berger
metric opening faster than a paraboloid in a way that would be meaningful and hence
preserved along a Ricci flow solution. The following definition is equivalent to the one
given in the Introduction because the Hopf-fiber is uniformly bounded: we prefer the
formulation below because it is invariant under rescaling. We recall that « is the roundness

ratio ¢/b.

Definition 3.6. For all 0 < k < 1, the class Gy consists of all complete warped Berger

metrics g with monotone coefficients satisfying:

0 < liminf (byu™)(s) < limsup (byu™")(s) < oo, (3.7)
§—00 5—00
sup (b2|ng|g) (p) < o0, (3.8)
pER4
sup ¢(p) < oo. (3.9)
pER?

Since from (3.9) we see that u~! ~ b away from the origin, we can integrate (3.7)
and derive that for any metric ¢ € G, the warping coefficient b along the S?-direction
satisfies b(s) ~ 571 for all s large enough, meaning that g opens faster than a paraboloid.
In particular, for any warped Berger metric g € Gy, the volume of geodesic balls of radius

r centred at the origin grows as
2
Vol,B,(0,7) ~ r=1th,

By combining (3.7) and (3.8)) we find that the curvature of a metric ¢ € Gy, decays at a
rate

sup (dy(o,p))*T |Rmy|,(p) < oo. (3.10)
pER4
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Remark 3.2. It is worth determining which of the previous conditions are related and

how.

(i) B.7), (3.8) and (3.9) = (B.10): this easily follows from integration.

(ii) (3.8) = (3.7): it suffices to consider the following example
g = ds* + arctan®(s) (o] 4+ 03 + 03) = ds” + arctan®(s)ggs,

which satisfies the condition in (3.8)), yet the metric has cylindrical asymptotics.
Indeed, the maximal complete, bounded curvature Ricci flow solution starting at

such g encounters a finite-time Type-II singularity according to Theorem[2.1]

(iii) (B3.10) == (3.7): one can take a warped Berger metric with c¢(s) = arctan(s) and
b(s) = slog(s) for all s > 1 and find that (3.10) holds with k = 0 while the

warping coefficient b grows faster than a linear function of the distance.

(iv) 3.7) = (3.8): the first-order constraint given by (3.7) does not rule out second

order terms which are not controlled by the size of the principal orbit b.

By the existence of the steady soliton found by Appleton we know that Ricci flow
solutions starting at initial data as in Definition with £ = 1 might in general fail
to converge to the Taub-NUT metric. We also note that the Euclidean metric would be
included in the class G, if we dropped the requirement on the size of the Hopf-fiber in
(3.9).

The class of asymptotically flat warped Berger metrics with positive mass - i.e.
bounded Hopf-fiber - is contained in Gy. The sets G though allow for initial data with
geometric features different from the Taub-NUT metric, beyond the rates of both decay
of the curvature and growth of the volume of geodesic balls. Indeed, we now describe a

metric g € Gy with nonnegative sectional curvature.
Lemma 3.6. There exists g € G satisfying sec(g) > 0.

Proof. Consider the warped Berger metric g on R, x S? defined by

g=ds?+ s° T gg2(1) + *(s) 03 @ 03,

1
2
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where c(s) = fos ﬁ dy. By the smoothness conditions in (2.7) we see that g extends to
a complete warped Berger metric on R* with monotone coefficients. Since b is linear and
c is concave we have ky; = 0 and kg3 > 0. Moreover
bio = = (4= 36 = 1) = 5 (1—42) > 0
12—;( G 5)_b_2< —u’) 2 0.
Finally, by direct computation we check that (¢ — s(1 + s%)7'/3), > 0, hence yielding
ki3 > 0. Therefore, we have shown that sec(g) > 0. In order to prove that g € Gy it

suffices to show that b%|sec(g)| is bounded since (3.7) and (3.9) are satisfied with k& = 0.

To this aim, we find that there exists o > 0 such that

b*(s)|koi|(s) = 0,

b*(s) ks (s) = s*

o (‘ a i)) ’ =

b*(s)|kr2|(s) = 3|1 — u*(s)| < o,

b*(s)|kisl(s) = |u

3.2.5 The Ricci flow equations

We recall that the maximal complete, bounded curvature Ricci flow solution starting at a

warped Berger metric gy has the form (2.14)
g(t) = ds @ ds + b*(s,t) (01 ® 01 + 02 ® 02) + (s, 1) 03 ® 3.

Throughout this chapter we often compute the evolution equation of geometric quantities
at stationary points. To this aim, the commutator formula (2.17) plays an important role.
Say that we are interested in studying the sign of 0, f at a local minimum point, then
we report the evolution equation of f at such minimum point after using the conditions
fos > 0and f, = 0.

We note that the Ricci flow preserves the class of warped Berger metrics with mono-

tone coefficients.
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Lemma 3.7. Let (R*, g(t))o<i<1 be the maximal Ricci flow solution starting at some
complete, bounded curvature warped Berger metric gy with monotone coefficients. Then

the following properties hold:
(i) u(-,t) < 1forallt €[0,T).
(ii) bs(-,t) > 0, cs(-,t) > 0 forallt € (0,T).
(iii) u(-,t) > infgau(-,0), forall t € [0,T).

Proof. The proof of (i) and (ii1) follows from the same arguments in Lemma Simi-
larly, one can easily adapt the proof of Lemma [2.12] by replacing the evolution equation

of cH with that of ¢, to show that (ii) is satisfied as long as the solution exists. ]

Remark 3.3. In the following we always implicitly use that for warped Berger Ricci flows

the roundness ratio u is bounded by 1.

From the analysis in Chapter 2 (see Theorem [2.3)) we finally derive that any Ricci

flow solution we consider below is in fact immortal.

Corollary 3.8. Ler (R*, g(t))o<i<1 be the maximal Ricci flow solution starting at some g

belonging to either G, or Gag. Then the solution is immortal.

Proof. By direct computation one may check that (R* g) does not contain closed
geodesics when g is a warped Berger metric with warping coefficients b and c strictly
increasing in space. Therefore, given a maximal Ricci flow solution as in the statement,
by Lemma 3.7 we see that we can find ¢, € (0,7) such that (R*, g(t)) does not contain
closed geodesics. Since the curvature is bounded, we deduce that inj(g(#9)) > 0. We may
then apply Theorem [2.3|to the initial condition (R*, g(t,)), being the decay of the curva-
ture preserved along the flow Hamilton [1995]], and conclude that the Ricci flow solution

exists smoothly for all positive times.

3.3 The Ricci flow in Gar

In this section we study the Ricci flow problem in Gag. According to the characterization

of asymptotically flat warped Berger metrics provided in Lemma given g € Gar we
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refer to the inverse of supgs c as the mass of g. In particular, we recall that the set Gar
decomposes in the union of metrics with zero mass, or equivalently Euclidean volume
growth, and of metrics with positive mass, or equivalently cubic volume growth. The
key results of this section consist in showing that for any Ricci flow solution in Gar the
curvature is controlled by the size of the principal orbits uniformly in time and the spatial
derivative b, is bounded away from zero in any space-time region where the roundness

ratio u is not degenerate, once we let the flow start.

We point out that most of the analysis could in fact be performed on a more general
level, however we prefer to focus first on the asymptotically flat case which is easier
to deal with - and also includes metrics with positive asymptotic volume ratio - before
discussing the problem for metrics in Gy, for which the behaviour of the flow at spatial

infinity is a priori less rigid.

We first verify that the Ricci flow acts on the class Gar preserving the curvature decay

of the initial metric (3.6).

Lemma 3.9. Let (R*, g(t))¢>0 be the maximal Ricci flow solution starting at some gy €
Gar and let € > 0 be such that supga(dg,(0,-))*™|Rmgy|, (1) < oc. For any T' < oo

there exists a(T") such that

sup (dg, (0,p))* “|Rmy |4 (p) < (1),

forallt € [0,T"].

Remark 3.4. According to [Chow et al., 2008, Lemma 12.5], if ¢ is a distance-like func-

tion with respect to gy, meaning that

a ' (so(p) +1) < d(p) < also(p) + 1),

‘Vgo¢|go < a,

v;o (¢> < ado,
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then for any T' < T it follows that there exists o such that for all t € [0, T'] we get

az (si(p) + 1) < o(p) < alsi(p) + 1),
’vgt¢|g(t) < Qg

V2 (¢) < arg(t).

Therefore, the notion of power-law decay of the curvature can equivalently be measured

in terms of go or g(t).

Proof. We let sy be the geometric coordinate representing the distance function from the
origin induced by gy so that we can write the initial metric gy as in (2.4). We consider the

smooth function ¢ : s > \/sg + 1. From the connection terms, we see that

|Vgo¢|go = |850¢| <1

and
\V (0o, Osy) = o> o.

go 50

Moreover, whenever b is positive we have

S0

V1t s

From Corollary [2.9| we derive that the previous quantity is bounded away from the origin.

bs
v30¢(X1/|X1|907X1/|X1|90) = 70

Since by the boundary conditions bs,(0) = 1 we may conclude that the bound extends
at the origin as well. Similar arguments work when evaluating the Hessian of ¢ along
X3. Therefore we have just shown that ¢ is a smooth distance-like function on (R?, o)
in the sense of Chow et al.|[2008]][Lemma 12.30]. Since b,, > 0 and c,, > 0, the same
computations yield

V26> 0.

We may finally apply Proposition B.10 in |Lott and Zhang| [2016] to our setting, thus

proving that the power law decay of the curvature in (3.6) persists along the flow. [

A simple consequence of the power law decay being preserved along the Ricci flow
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is the conservation of mass along the flow.

Corollary 3.10. Let (R* g(t))i>0 be the maximal Ricci flow solution starting at some

9o € Gar with positive mass mg,. Then myyy = my, for any t > 0.

Proof. According to Corollary [3.8| we define o : [0,00) — R by a(t) = supgs|Rm|(-, ?).
Given t > 0, since by Lemma [3.7] we know that ¢, stays nonnegative along the flow, we
deduce that the quantity mg_é) i= limg ()00 c(s(t), t) exists and is well defined. More-
over, the curvature is uniformly bounded in R* x [0, ¢] by «(t) and we can then rely on
standard distortion estimates of the distance function along bounded curvature Ricci flow
to derive

m;l = lim c¢(s(t),t) = lim c(p,t),

® s(t)—o0 s0(p)—o0
where s is the go-distance from the origin. Suppose for a contradiction that there exists

t; > 0 such that my(;,) # my,. By the Ricci flow equations and Lemma we obtain

a(t)
S0 (p)2+e

|0 log(c(p, -))| <

in R* x [0, ¢;] up to modifying a(t,) by a constant factor. Once we integrate we find

oo ()| = i

1

We may finally let so(p) — oo and get a contradiction. O

Remark 3.5. A consequence of Corollary is given by the fact that the size of the

Hopf-fiber stays uniformly bounded in the positive-mass case.

We may now focus on first order estimates. We recall that the evolution equations

for the first spatial derivatives are (2.24)

Oibs = Abs — 253233 + b_12 (bs (4 — b2 — (csu™)® — 6u?) + dcu)
and (223)
Oics = Acg — 268085 + l (cs (—6u2 - 2b§) + 8bsu3) ,

c b2
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where the Laplacian formula is given in (2.18)). Similarly to the analysis for the finite-time
case in Chapter 2, we show that the derivatives stay uniformly bounded and that the flow
becomes rotationally symmetric in space-time regions where the orbits get degenerate.

In the following estimates o always denotes a uniform, space-time independent constant

that may change from line to line, unless otherwise stated.

Lemma 3.11. If (R*, g(t)):>0 is the maximal Ricci flow solution evolving from some g, €

GaF, then the following conditions hold:

sup  (bs + ¢;) < o0, (3.11)
R4 x[0,+00)

1

sup ~(b? — 4) < o0, (3.12)
R4\ {0} x[0,400) €
1

sup - (1 —u) < oo, (3.13)
R4 x[0,+00) €
1

sup = ey — bsul < 0. (3.14)
R4x[0,400) €

Proof. Estimate (3.11). Consider the upper bound for bs. Since bs(0,t) = 1 and by
Lemmas and we see that by(s,t) converges to either 1 or 2 at infinity for any
t > 0, we deduce that if by attains a value & > sup b,(-, 0), then there exists a maximum
point (py, tg) among prior times where b,(py, tg) = & for the first time. We can then argue

as in Lemma [2.14] The same argument works for ¢, as well.

Estimate (3.12). Set p = ¢~ (b? — 4). From the boundary conditions we see that ¢
diverges to minus infinity at the origin uniformly in time. On the other hand, from Lemma
[3.9] and Remark [3.4) we know that the stronger than quadratic decay of the curvature
persists along the solution and hence Lemma applies to the solution ¢(t), for any
t > 0. In particular we see that ¢ — 0 at spatial infinity as long as the solution exists. At

any positive interior maximum point (po, fy) we have
1
ei(po, to) < = (—(csu™)? (b2 +4) + becs (Su™" + 8u — 207u™"))
1
2c

o

+ —— (862 — 2b2 — 10u’b? — 8u?) .

j=)
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Since b? > 4 at any positive value of o, we get

1
¢i(po, to) < Ve (—(cou™)? (b7 +4) + Bubyc, — 10u?b: — 8u?) .
c

Being the c,-quadratic above always negative, we conclude that ¢ is uniformly bounded

Jfrom above in the space-time.

Estimate (3.13) We first prove that 1) = ¢~'/2 — b=/2 is uniformly bounded in the
space-time. Since the curvature is bounded, by (2.12)) we see that b~ 'u, = O(1) as s — 0
uniformly in time. Therefore ¢)(0,t) = 0 as long as the solution exists. Moreover, from
Lemma we also derive that ¢ is uniformly bounded at spatial infinity by the inverse

of the size of the Hopf-fiber. At any interior maximum point (pg, to) we have

1 /b2 2, .8
Ye(po, to) < i (Z (1 — \/ﬂ) +ut+u 2)
1 /2
Sb—g<z(1—\/ﬂ)—2(1—\/&)>
Sbi;(l—\/ﬂ)(ac—l),

where « > 0 is a uniform constant given by the estimate (3.12). Say that ¢)(po, tg) = M.
By choosing M large enough we can make c as small as we ask. Therefore, the right
hand side of the evolution equation becomes strictly negative, hence showing that ¢ is
uniformly bounded in the space-time. We may now consider f = ¢~'(1 — u). Similarly
to the case of ¢ above, f is uniformly bounded both at the origin and at spatial infinity.

At any maximum point we have (see Lemma

1
ftgﬁ(bﬁ(l—u)+2u—|—2u2—4)
1
§ﬁ((4+ac)(1—u)+2u+2u2—4)
1 ) cf
gﬁ(—2u+2u + ac(l —u)) :b—g(—2u+ac).

We have shown that u'/2 > 1 — ac!/2. Therefore, if we pick the value attained by f large

enough, we see that (—2u + ac)(po, to) < —1. That completes the proof.

Estimate (3.14) Again ¢,/c — bs/b is uniformly bounded at the origin and at spatial



3.3. The Ricci flow in Gag 131

infinity. Once the quantity is controlled along the parabolic boundary of the space-time,

one can then argue as in Lemma [2.19] O

Before we prove analogous second order estimates, we first show that in the cubic
volume growth case the spatial derivative ¢, decays at some specific rate in space-time

regions where u is small. We recall that for the Taub-NUT metric we have ¢, = u?.

Lemma 3.12. Let (R*, g(t))s>0 be the maximal Ricci flow starting at some gy € Gar and
let € > 0 satisfy supga(dy, (0, -))* ¢ |Rmy|,, (-) < 0o. Forany 1 < k < min{l + ¢,/2}

there exists o > 0 independent of k such that

sup csu_k < .
R4 x[0,00)

Proof. From (2.9) and Lemma[3.9|we derive that for any ¢ > 0 there exists a« = a(t) such

that
u? by
b2 be

2+e

Since b is linear at infinity, we get that for s large
lcou™ b < o+ u?bE.
Therefore, for any 1 < k& < min{1 + ¢, \/5} we have

1 o
csu_k < = (Oé + que) u1+e—k < _u1+e—k + u3—k7
o o

which is uniformly bounded at spatial infinity by Lemma [3.9] In particular, we see that
(csu~")(s,t) either converges to zero (in the cubic volume growth case) or to 1 (in the
Euclidean volume growth case) for any 1 < k& < min{l + ¢,1/2}. By the boundary

conditions we derive that if c;u™* becomes unbounded as ¢ * oo then there exists a
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sequence of maxima diverging. The evolution equation of c,u~* at a maximum point is

—k
at (Csuik) ’max < e

<0 (b2(k* — 2) — 4k + u?(—6 + 4k) + (cou™")* (K — 2k))

< b_lg (—4k:(csu*k) + a) < bl? (_4(63,&71@) n a) 7

where we have used that 1 < k& < /2 and the estimate (3.11)). We conclude that for any

k € (1,min{1 + ¢,1/2}) the function c,u~"* admits a uniform upper bound independent
of k.

Once we control the ratio u from below by c,, we can prove the following:

Lemma 3.13. If (R*, g(t));>0 is the maximal Ricci flow solution starting at some gy €
Gar, then

sup & (Jkoi| + |kos|) < oo
R4 x[0,+00)

Proof. First, we prove that —bcky; = cbss has a uniform lower bound in the space-time.
In analogy with |[senberg et al.|[2019], we consider the quantity f = cb,s — 20% — ¢ which
we see to be uniformly bounded at the origin and at spatial infinity by the boundary
conditions and Lemma [3.9| respectively. A long yet straightforward computation yields

that whenever [ attains some negative minimum value its evolution equation becomes

(see also (2.27))

2

bs S bs S
O f | fim<o = 2b§8(2 —u) + 20?5 + Csq (4% -9 Cs 4 bc ) +
C

Ubgg

b

1
+ = (26562 + Ac2uP (1 + 3u) + 407 (1 + u?) — 24b,cu + 2b;u*(2 + u))
c

1
+3 (24b2u* (1 + u) — 8b2u*(2 + u) — 8byc,u®(2 + 3u)) .

_|_

(4 — 3b% — 8u* — 2 + 2bscu”! (1 — 4u_1))

Since the first order spatial derivatives are uniformly bounded we may assume that

cbss < fmin/2 provided that | fin| is large enough. By applying Cauchy-Schwarz to the
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coefficients of ¢, and again using (3.11]) we get

c? Ubgg o

O f | frineo > 205, + ? + (4 —3b2 — 8u® — ¢ + 2bscou™" (1 —4u™)) — it

for some uniform constant & > 0. By the monotonicity of b, and cs; we finally obtain

1 2 2 1 I%lil’l
atf‘fmin<0 2 C_2 (Q(bssc) + 4'LL bssc - CV) 2 g (T + 4fmin - CK) > 07

for | fmin| large enough. The existence of a uniform upper bound for cb,s follows from the
similar arguments.

We now show that —c?kg3 = cc,, has a uniform lower bound as long as the solution exists.
We proceed as before. We define i = cc,s — 2¢2 — b2, which by the boundary conditions
and Lemma [3.9|is uniformly bounded at the origin and at spatial infinity. Suppose that i
attains a negative minimum. According to we find that ccys < hpyin/2, whenever

|hmin| is sufficiently large. At such point we can write the evolution equation of h as (see

also (2.28))
1
Oth|ny<0 > = (2(cess)? 4 acegs + 202,6° — albgsc| — a)

where « is a uniform positive constant given by b, and c; being positive and bounded
along the flow - and by u being bounded by 1. Since we have just checked that |cbs;| is
uniformly bounded, the right hand side is positive once we pick |hni,| and hence |ccgs]
large enough. Analogously one may check that cc,;, is uniformly bounded from above in

the space-time. [

From the estimates (3.11) and (3.13) and the previous Lemma we deduce that the

curvature is uniformly controlled in time in regions where the orbits do not become de-

generate.

Corollary 3.14. If (R*, g(t))s>o is the maximal Ricci flow solution starting at some gy €
GaF, then

sup (02|ng(t) ‘g(t)) < 0.
R4 X [0,+00)
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We dedicate the end of this section to proving that the spatial derivative bs has a uni-
form lower bound in the space-time domain where the squashing factor u stays positive.
We start by showing that in the bounded Hopf-fiber setting b,u ' always diverges when
u~!, and hence b by (3.13), is large. This estimate will play a key role in characterizing
the possible infinite-time singularity models and turns out to be satisfied by Ricci flows in

G, as well.

Lemma 3.15. Let (R*, g(t))¢>0 be the maximal Ricci flow solution starting at some gy €

Gar with bounded Hopf-fiber. There exist o, A\ > 0 such that
b (bsu™t — log(b)) > —a,

uniformly in the space-time.

Proof. We let x = b*(b,u~! — log(b)) be defined smoothly on R*\ {0} x [0, +00) and
we extend it continuously at the origin. From the boundary conditions and Lemma [3.9]
we see that y(0,t) = 0 and x(s,t) — 0o as s — oo for all positive times. Assume that
X attains some large negative value at a minimum point (pg, to) among prior times. The

evolution of x at (po, to) becomes

1
X (Pos t0) lxmn<o = ® (x (B2(N° +4X) — 2X\bseu™" + 2 u® — 4N) + 4eb?) (3.15)
+ — (0*bsu (202 — dbyeu — 2u®) + b (4 — 2u® — 4b? + 2b,cu”t))

(3.16)

Since | Ymin| = b*(log(b) — byu™t) < b*log(b), we see that b can be taken as large as we
want once we pick |xmin| large. Similarly, at any negative minimum of x the derivative
b, is small whenever the value of b is sufficiently large, being ¢ uniformly bounded from
above. Thus, whenever | x| is large enough, we may write the evolution equation of y
as

1
atX(po,to)‘Xmin > b_2 ()\‘Xmin‘ —+ b/\bs’u,fl(—élbscsu*l _ 2u2) + b/\) . (317)
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Finally, we note that according to Lemma we can find £ > 1 such that
402 cu? < dab™Pu? R < ab*(log(b))*u,

where again we have used that x(po,to) < 0. We may then choose A < 1 and conclude

that
1 b
O (P, 10) 0 = 75 Alxminl + 5 ) > 0.

]

We now show that b, cannot become degenerate in space-time regions where the
quantity v is bounded away from zero. On the one hand this control is necessary for the
compactness result we rely on for proving that symmetries are preserved on any pointed
Cheeger-Gromov limit. On the other, we see that if we were in a rotationally-symmetric
setting, the solution would have positive asymptotic volume ratio. The latter observation
will be crucial when showing that any Ricci flow in Gaf has curvature uniformly bounded
in the space-time.

We recall that the mean curvature of the Euclidean 3-sphere S(o, z) with respect to the
solution ¢(t) is given by

bs s

H(z,t) = (2€ + —) (z,1).

C

Lemma 3.16. If (R*, g(t));>0 is the maximal Ricci flow solution starting at some g, €

Gar, then there exists 5 > 0 such that

. -1

1£4f (bsu ) (-, t) > B,
for all times t > 1.

Proof. Case (i): Positive mass. We consider the maximal immortal Ricci flow solution
evolving from go for times ¢ > 1 so that b,(-, ) is positive everywhere by the strong
maximum principle (see Lemma [3.7). Given a, A > 0 as in Lemma we see that
bsu~! > 11in the time-dependent region V (t) = {p € R* : log(b(p,t)) —a/b*(p,t) > 1}.
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We note that since b is monotone we may identify V'(¢) with the complement of some
time-dependent Euclidean ball B(o, r(t)), with ¢ — r(t) a continuous function. From the
estimate (3.13)) we derive that u(-,¢) > cin B(o,r(t)) forall £ > 1 for some € > 0, being

b(-,t) uniformly bounded in B(o,r(t)). In particular, we deduce that
cH(r(t),t) > 2bgu(r(t),t) > 2e* > 0,

for all t > 1. Similarly, cH (o, t) = 3 for all times according to the boundary conditions.
Therefore, if ¢cH attains some value € > 0 small enough in B(o,r(t)) for the first time,

then this must happen at an interior minimum point (py, o) and we have
1
O:(cH)(po, to)|e > =) (2¢H (u® — b2) + 16bsu(l — u?)) .

Since u > ¢ in B(o,r(t)), we see that if £ is small enough, then bsu™*(po, to) < 1, which
hence yields 0;(cH)(po, to) > 0. We conclude that cH is uniformly bounded from below
in B(o,r(t)), for all times ¢ > 1. Since byu~' > 1in V/(¢), if the quantity attains some
value [ sufficiently small for some time ¢; > 1, then there exists an interior minimum
point (po, to) in B(o,7(ty)) among times ¢ € (1,¢;]. The evolution equation of b,u~" at

such minimum point is
_ 1 _ -
Oy (bsu™1)(po, to) > » (bsu Y202 — dbscou™t — 2u?) + 405) )

From the estimate cH > & we conclude that ¢4(po, to) > £/2 whenever /3 is small enough.
Therefore, the right hand side of the evolution equation is positive and hence byu~! > 3 >

0 for all times ¢ > 1.

Case (ii): Zero mass. In this case cH(-,t) — 3 at spatial infinity as long as the
solution exists. Thus, we can argue as above using that > ¢ in the space-time, for some

d > 0, as follows from (iii) in Lemma 3.7}
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3.4 The Ricci flow in G,

In this section we extend the analysis of asymptotically flat warped Berger Ricci flows to
solutions in Gi. One of the main difficulty consists in controlling the flow in the space-
time region where the roundness ratio u is small. In the asymptotically flat case the
stronger than quadratic decay of the curvature determines the behaviour of the warping
coefficients at spatial infinity precisely. Once such decay is preserved along the flow, one
can then rely on maximum principle arguments to derive time-independent bounds. On
the contrary, for the case of G, some extra work is needed to control the solution along
the parabolic boundary of the space-time and hence ensure that the condition of opening
faster than a paraboloid is indeed preserved.

First, we note that one can argue as in Lemma [3.9]to prove that the power law decay

of the curvature in G, persists along the solution.

Lemma 3.17. Let (R*, g(t))¢>0 be the maximal Ricci flow solution starting at some go €

Gy. Forany T' < oo there exists o(T") > 0 such that

2
sup (dgo (0,p))* ‘ng(t) ‘g(t) (p) < &(T/)v
pcER4

forallt € [0,T"].

As a simple consequence of Lemma we derive that the volume growth rate of
metrics in G, is preserved along the solution as well as a conservation mass principle. We
recall that given g € G, we call mass (of g) the quantity (lim,_ ., ¢(s))~! and we denote

such positive finite number by m,.

Corollary 3.18. Ler (R, g(t))i>o be the maximal Ricci flow solution starting at some

9o € Gi. For any t > 0 there exist B(t) > [B(t) > 0 such that

Moreover, we have my() = my, for all t > 0.

Proof. Suppose for a contradiction that there exist a sequence p; and ¢, such that so(p;) —

oo and b(p;, to)(so(pj))fk%l — 0. Then, from the decay of the curvature in Lemmam
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we get

2

b(pj’0)> < a(to)s, .

to

log (b(p]',to)

_1
Since by integrating (3.7) we see that b(sg,0) > [osi™ for sg large enough, the contra-
diction follows. Similar arguments work for the upper bound while for the conservation

of mass the proof is the same as in the asymptotically flat case (see Lemma[3.10). O

Remark 3.6. According to Lemma[3.17\and Corollary[3.18 we deduce that for any t > 0
there exists some positive constant o(t) such that b*|Rm|(-,t) < «(t) on the time-slice

R* x {t}.

Next, we show that the first order derivatives are uniformly bounded in the space-
time. Since we cannot a priori control the behaviour of b, at spatial infinity on any time-
slice, the proof requires an extra step when compared to its asymptotically flat counterpart.

We recall that by Lemmathe derivatives b, and c, are positive as soon as the flow starts.

Lemma 3.19. Let (R*, g(t));>0 be the maximal Ricci flow solution starting at some gy €
Gi. Then

sup  (bs +¢;) < o00.
R4 x[0,00)

Proof. Since by Lemmas [3.7) and [3.18] ¢ is uniformly bounded and spatially increasing,
we see that ¢,(-, %) is integrable for all ¢ > 0. Moreover, from (2.11)) we derive that
|css| < a(t)e(s,t) < a(t)my, in the space-time being the flow smooth for all positive
times. Therefore c,(s,t) — 0 as s — oo forall ¢ > 0. We can then argue exactly as in
Lemma 2.T4]to prove that ¢, is uniformly bounded.

For what concerns b, we note that the evolution equation (2.24)) can be written as

1
Oy bs = Ab, + W (bs(4 — b — (csu™)? — 6u? — 2b,b) + 4csu) :

From the boundary conditions and the curvature being bounded we derive that given ¢, >

0 there exist 7, and «(ty) positive such that

815 bs S Abs + Oé(to),
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in By, (0,7,) % [0,]. Since the curvature is uniformly bounded for all times in [0, ¢, in
the complement region R* \ By, (0, r,) X [0, o] we can rely on Corollary 2.9)and Lemma
to bound the evolution equation of b; by

1
8,5 bs S Abs—i_ﬁ (4b8+4CSU)—2b8255 S Abs—f-a(;()) _2bslb)ss S Abs_’_Oé(;Q)

—f-(l/(t())bs,

where we have also used that |k | is uniformly bounded for 0 < ¢ < ¢,. Finally, since b
is monotone and the flow is smooth we can combine the estimates in the two space-time

regions and conclude that there exists «(to) > 0 such that
Oy bs < Abs + a(to)(1 + by),

in R* x [0,¢y]. Thus, since b, is exponentially bounded as we derive from |ko;| being
bounded, we may apply the maximum principle in [Chow et al.,|2008, Theorem 12.14] to

deduce that for any ¢, > 0 there exists A;, > 0 such that
bs (-, 1) < sup bs(-,0) + Ay
R4

in R* x [0, o). From Shi’s derivative estimates [Chow et al., 2008, Theorem 14.13] and
the decay of the curvature in Lemma it follows that |VRm|(so,t) = O(s, 2/ M for

all t > 0. Therefore, from the commutator formula we get
|0 bs| = |0s(—Ricy1b) 4 Ricgsbs| < o (JVRm|b + |Rm|by) .

Since we have previously shown that b,(-, ¢) is bounded on any time-slice we may apply

Corollary and derive that for any 7" > 1 there exists a(7"”) such that
10, b| < a(T")(s0 + 1) 77,

in R* x [1,T"]. Therefore we have proved that for any £ > 0 and for any ¢ > 1 there exists
r(t,e) such that

bs(s0,t) < ( sup b)) +e,
R4 x[0,1]
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whenever sg > r(t, €). Once we know that b, is uniformly bounded at spatial-infinity on
any time-slice we can rely on the same argument in Lemma to prove that in fact b, is

uniformly bounded everywhere in the space-time. 0

Thanks to Corollary [3.18]and Lemma [3.19] we can immediately extend the rotational

symmetry type of bounds to Ricci flow solutions starting in G. Namely, we have:

Corollary 3.20. If (R*, g(t));>0 is the maximal Ricci flow solution evolving from some

go € Gy, then the following conditions hold:

1

sup ~(b? — 4) < o0,
R4\ {0} x[0,4+00) €
1

sup  — (1 —u) < oo,
R4x[0,400) €
1

sup = |es — ubs| < 0.

R4x[0,400) €

Similarly, the decay of the curvature being preserved as in Lemma[3.17)and the con-
trol on the asymptotic behaviour of the warping coefficients as in Corollary ensure
that second order estimates analogous to the asymptotically flat case still hold for Ricci

flows evolving from initial data in G;. For example, since bss/b = O(s, 2/ 1) we see

that bs,c decays as sal/kﬂ

and one can hence apply maximum principle arguments as
in Lemma [3.13] once we know that the first order derivatives are uniformly bounded. In

particular, the curvature of the solution is again controlled by the size of the Hopf-fiber:

Corollary 3.21. If (R*, g(t))s>o is the maximal Ricci flow solution starting at some gy €
G, then

sup (02|ng(t) ‘g(t)) < 0.
R4 X [0,+00)

Next, we prove that for Ricci flows starting in G, the quantity byu~" is controlled
from below in any region where u becomes degenerate exactly as for the asymptotically
flat case. If a Ricci flow solution in G has curvature bounded uniformly in time, then
such estimate implies that any infinite-time singularity model must open up along the S?-
direction faster than a paraboloid in R3. However, differently from the asymptotically flat
case, for solutions in G, we need a preliminary bound to make sure that b,u~! does indeed

diverge at spatial infinity on any time-slice.
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Lemma 3.22. Let (R*, g(t))¢>0 be the maximal Ricci flow solution starting at some gy €

Grandletk <k < land§ € (0,1 — k). Foranyt > 0 there exists a(t) > 0 such that:
u™? (bsu_}_c — 1) > —aft) > —oc.

Proof. Weset Fy, ; = u=%(bsuF—1). By the boundary conditions we see that Fys(0,t) =

0 for all t > 0. Moreover, from the definition of G;, it follows that F,;y(;(so, 0) — oo as

so — 00, meaning that inf FJ, 5(-,0) > —oo. We now argue as for the proof of Lemma

B-T9] First, the evolution equation of F7, 5 is given by

Lut (bs <4(1 — k) = (1+ R0 + (%)Z) 207, 4 (4~ 6)) + 4csu)

F,
+ % (—6%(by — cou™)? —48(1 — u?)) .

Since the curvature is bounded, from the boundary conditions one can check that for any

to > 0 there exists r;, > 0 and «(to) > 0 such that
O Frs > AFy s — alto),

in By, (0, r,) % [0,%o]. For analysing the terms in the evolution equation for radii larger

than r,, we first note that by Corollary [3.18]

—5—k T
u =0 (so w10 '“)) , (3.18)

which hence decays at spatial infinity on any time-slice because k + d < 1. From (3.18)
and Lemma we derive that u*’}*5|b85| decays at spatial infinity as long as the solution
exists. Since by Lemma [3.19] the first derivatives bs and ¢ are bounded, we find that all
the second order terms in the evolution equation of Fj, ; decay to zero at the rate given

in (3.18)) for all ¢ > 0. Similarly, from Lemma [3.17| and Corollary we see that
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b*|Rml|(-, ) is bounded on any time-slice, meaning that |b,csu™"| < «(t). Thus any term
of the form b,c,u %% decays at the same rate given by (3.18). To sum up, in the region

R*\ By,(0,74,) x [0,t] we can then write the evolution equation of Fj, ; as

F_
8tF,;75 Z AF]%& — Oé(to) —+ b—kZ’é (_52(b8 _ CSU_1>2 . 46(1 . uQ)) 7

for some «a/(ty). Finally, we note that

FE,é 52(b ~1\2 _ 45 2)) > byur? 52(b —13\2 5 2
?(— (bs — csu™)? —46(1 — v?)) > 72 (—=6%(bs — csu™")? — 46(1 — u?))
k-5
> bsub2 (—52(53 + (Csu—l)Q) o 4(5))7

and the last terms are again bounded away from the origin on any time-slice as observed

above. Therefore, for any ¢, > 0 there exists a(y) > 0 such that
OiFy s > AF 5 — alty).
From the maximum principle [[Chow et al.,[2008, Theorem 12.14] we conclude that
Fig(-,1) 2 inf Fy5(-,0) —a(t) > —oo,
for all positive times. [

We finally need to check that the spatial derivative c; decays at some rate in any

space-time region where u is small.

Lemma 3.23. Let (R*, g(t)) be the maximal Ricci flow solution evolving from some g, €

Gy. Forany k € (k,1) we have

sup <csu’1+k) < 0.
R4x[0,00)

Proof. Given k > k, let k € (k, k) and 0 be defined so that Lemma holds. As
observed in Remark [3.6] from (28] we see that for any ¢ > 0 there exists A(t) > 0 such
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that |bsc,u™!| < A(t). Thus, by Lemma we get
A(t) > byeau™ > ey(—a(t)u’ + Du~**,

Therefore, we find that lim,, o0 (csu™ %) (50, ¢) = 0 forall ¢ > 0. The evolution equation

of csu_’;, with k € (0, 1), at any positive maximum is given by

CsU

81% <Csu_l;> |max S b2

1 ~ 5 N ~
+ 5 <csu*’f (bscszfl(—zk2 + 2k)> + 8u3*kbs)

(bg(z? = 2) — Al + u(—6 + 4k) + (cou " )2(R — 2/2;))

Since k& < 1 and b, is uniformly bounded by Lemma , we get

~ 1 ~ ~ ~ ~ ~
o) <csu’k> |max < =) (csu’k (—4k + (cou™)?(k* — 2k) + byesu™H(—2k* + Qk)) + a) )
Finally, if the value of the maximum is large enough, then we find that

(csu™)2(k? = 2k) + byesu™ (=2k% + 2k) < kequ™ (—eu™ + 2b,) < 0.

Thus, we have shown that d;(c,u™*) < 0 at any maximum value large enough. That

completes the proof. [

We may now complete the section by noting that, as in the asymptotically flat case,
for any Ricci flow in G the warping coefficient in the directions orthogonal to the Hopf-

fiber grows faster than a paraboloid in R3.

Lemma 3.24. Let (R*, g(t));>0 be the maximal Ricci flow solution starting at some gy €

Gy. There exist a, A > 0 such that
W (beu™t — log(b)) > —a,
uniformly in the space-time. Moreover, there exists § > 0 such that

in (bsu_l) (7t) Z 67

R4



3.5. Compactness of warped Berger Ricci flows 144

for all times t > 1.

Proof. Given x = b*(byu~" — log(b)), we note that y vanishes at the origin for all times
and that, according to Lemma|3.22} x(so,t) — 0o as so — oo for all positive times. Thus
we can consider the evolution equation of y at some negative minimum point (py, to) and
arguing as in the proof of Lemma [3.15|for the asymptotically flat setting, we deduce that
whenever | xmin| is large enough, then the evolution equation of x satisfies (3.17). Namely,

we have

1
X (Pos to) |y = ® (>\|Xmin| + b (—dbyeu™t — 2u®) + bA)

From x(po, tp) < 0 we derive
M1 — 4b2cou™?) > b1 — 4(log(b))%cs).

If we pick k € (k,1) and oy, so that Lemma holds, then the last term can be bounded
as:

PN (1 — 4(log(b))2c,) > b (1 — day (log(b))?u' "),

which is positive whenever || and hence u~! are large enough. Therefore, if we let

A < 1, then we obtain:

atX(p07 to) |Xmin > O

Once we know that  is uniformly bounded from below in the space-time, one can argue

exactly as in the positive mass-case of Lemma [3.16] O

3.5 Compactness of warped Berger Ricci flows

In this section we show that a class of complete, bounded curvature warped Berger Ricci
flows with monotone coefficients is compact under the pointed Cheeger-Gromov topol-
ogy. The main step in the argument consists in proving that the Killing vectors generating
the U(2)-symmetry pass to the limit without becoming degenerate. Once we know that
the Cheeger-Gromov limit is a warped Berger Ricci flow, the control on the curvature

and the monotonicity conditions allow us to prove smooth convergence of the warping
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functions b and c up to diffeomorphisms. The next result plays a central role in the con-
vergence argument because it allows to work directly at the level of the metric coeffi-
cients. In particular, this will be of importance when classifying ancient solutions to the
Ricci flow because whenever the compactness result holds one can always apply maxi-
mum principle arguments to geometric quantities by passing to pointed Cheeger-Gromov

limits where critical values are indeed achieved in the space-time.

Proposition 3.25. Let (R*, g;(t), p;)ie1 be a sequence of pointed complete warped Berger

solutions to the Ricci flow with monotone coefficients defined on 1 > 0. If

sup (sup |ngj(t)\gj(t)) < 00, (3.19)
J R4xT
sup (Sup (b)s + (Cj)s) < 00, (3.20)
J R4xT
liminf (b;(p;,0)) + lim inf ((b;)(p;,0)) > 0, (3.21)
limsup (b;(p;,0)) < oo, (3.22)
Jj—00
liminf (u;(p;,0)) > 0, (3.23)
j—ro0

then (R*, g;(t), p;) subsequentially converges in the pointed Cheeger-Gromov sense to a

complete U(2) invariant Ricci flow solution (M, goo (t), Doo )11 Satisfying:

(i) Moo =R*or M, =R x S3.
(ii) There exist warping coefficients {w, boo, Coo Such that g..(t) can be written as
Goo(t) = Eoo (oo, )i, + bog (oo, 1) (07 + 03) + ¢ (1o, 1) 05,
where 1oo(+) = dg_(0)(0c0, ) If Moo = RY, and roo(*) = dy0)(Zp.., ), with 3,
the principal orbit passing through p.o, if My = R x S5,

(iii) There exist radial functions s; such that ;(s;,t), bj(s;,t), ¢j(sj,t) converge
smoothly on compact sets 10 £ (Too, 1), boo(Toos t), Coo(Too, ) respectively.
Remark on the assumptions. The uniform bound on the curvature and the monotonic-

ity of the coefficients guarantee that Hamilton’s compactness result can be applied to the
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sequence of solutions. The control on the first order derivatives along with (3.22)) ensure
that the Killing vectors are bounded in any geodesic ball. Proposition [3.25has a coun-
terpart for warped Berger Ricci flows on the blow up of C?/Z,, satisfying a few first and
second-order estimates |Appleton| [2019]. However, for these topologies the compactness
property for complete solutions is formulated in the case where the Ricci flows are x-
non-collapsed at some sequence of scales diverging to infinity so that the resulting limit
is xk-non-collapsed (for all scales) [Appleton, 2019, Corollary 8.2]. Such assumption is
natural when studying finite-time singularity models for the Ricci flow, which arise via
a blow-up procedure. In fact, Perelman proved that any finite-time singularity model of
the Ricci flow is xk-non-collapsed. On the other hand, this assumption is not available in
our setting for we are interested in proving long-time convergence of the Ricci flow to
infinite-time singularity models which are, in the case of the Taub-NUT metric, collapsed
for some sufficiently large scale. The latter represents a key difference and accounts for
the conditions (3.21)) and (3.23)), which ensure that the Killing vectors do not become

degenerate when passing to the limit.

Remark 3.7. We point out that the structure of the proof below mainly follows from
adapting the analysis in Section 2.5 and especially the analogous local result in Appleton
[2019]. Since the compactness property derived in Appleton, [2019] relies on a different
set of assumptions and works on the topology of the blow-up of C?/Zy, we still present a

full argument in detail.

Proof. First, we recall that the monotonicity of the warping functions implies that
(R*, ¢;(0)) does not have closed geodesics. Since the curvature is uniformly bounded,
we see that inf; inj(g;(0)) > 0 and we may then apply Hamilton’s compactness theorem
and extract a subsequence converging in the pointed Cheeger-Gromov sense to a Ricci
flow solution (M, goo (t), Poo)ter-

In the following we denote by ®; the diffeomorphisms given by the Cheeger-Gromov
convergence. We also observe that by (3.22)) we can rely on the same argument in Lemma
[I.16]to prove that the limit manifold is simply connected.

Consider the Killing vector fields {Y1, Y2, Y3, X3} generating the U(2) symmetries. Since
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we have

c;(t)gss S b3 (1)(07 + 03) + ¢ ( t)og < (-, t)gss,

with ggs the bi-invariant constant curvature 1 metric on the 3-sphere, and {Y;} are or-

thonormal with respect to ggs, we deduce that
Cj('7t) < D/Z|](7t) < bj('7t>7 (3.24)

forall ¢ € I and fori = 1,2,3. Letv > 0 and ¢ € By, (pj,v). From the conditions
(3.20) and ((3.22)) we derive that there exists « > 0 such that

bj<q,o>sz)j<pj,o>+( sup )(bns)us(x(lw).

By, 0)(Pjv

We may then extend such bounds to other times by using (3.19), for given ¢ € I we have
|0 log b (-, 1)< [Ric;|; (- 1) < e
Therefore, for any v > 0 and ¢ € I there exists a constant v = «/(¢, v/) such that

sup |Yil; (- t) < aft,v), (3.25)
By, (0)(Pj:v)

for all 7 = 1,2, 3. The Killing equation also implies
[V5Yil;( 1) < alYil;|Rmyl, (-, 1),

for all times ¢ € I. By the Cheeger-Gromov convergence we deduce that, up to pass-
ing to a subsequence, there exist C*-limits {Y; .} defined on B,_(0)(peo,1). The C*-
convergence implies that {Y; ..} are g..(¢)-Killing vector fields. We observe that in
Lemma 2.33 we needed C® bounds because we did consider left-invariant vector fields
that are not Killing vectors along the sequence. We may then proceed as in Lemma [2.33]
to derive that {Y; ..} extend to smooth Killing vectors on M. Similar conclusions apply

to X3, which converges to a g..(t)-Killing vector X3 ., up to pulling back by ;.
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We now show that the Killing vectors are not degenerate. Namely, we have

Claim 3.26. U(2) acts on (M, goo(t)) with cohomogeneity-1.

Proof of Claim[3.26] We first show that the limit Killing vectors are not trivial.

If there exists € > 0 such that ¢;(p;,0) > ¢ along a subsequence, then from (3.24)
we see that Y; o, do not vanish at p.

We may then assume that ¢;(p;,0) — 0. According to we also have
b;j(p;,0) — 0. Therefore, from (3.21) it follows that (b,)s(p;,0) > 28 > 0, for some
constant [ independent of j. Since the curvature is uniformly bounded we see that
|(bj)ss](-,0) < «a, in B(o, p), for p < 0, which implies (b;),(-,0) > B in By, )(p;,7)
for some r small enough. Similarly, by (2.12)) and (3.23)) we get that u,(+, 0) is uniformly

bounded from below in By, o) (p;, 7) for some radius sufficiently small. We can then pick
7 = min{r, 7} and conclude that there exist points ¢; € By, )(p;, ) such that c;(q;,0)
admits a positive lower bound. Therefore we find ¢ € By_ (o) (Poo, 7) such that Y; ., are
not trivial at g.

Once we know that {Y; ..} are non-trivial, we may deduce that there exists a non-
degenerate copy of su[2] in the Lie algebra of Killing vector fields iso(M, go(t)) be-
cause the Lie brackets pass to the limit. Since the limit is complete we can integrate the
Lie algebra action and obtain that SU(2) acts on (M., goo(t)). Consider ¢ € M, such
that Y; ., do not vanish at g. Suppose that there exist coefficients «; such that the vector

Yoo =, ;Y o vanishes at g. A diagonal argument yields

2

(®;(q))-

0= [Yacls.0)(0) = Jim

Z a;Y;

9;(0)

As observed above, for any spherical vector field Y we have Y|, 0)(p) > ¢;(p, 0)[Y |y -
Since the right-invariant vector field Y; are orthonormal with respect to the round metric
on the 3-sphere and ¢;(®;(q), 0) is bounded away from zero being the Killing vectors Y;
non-trivial at g, we conclude that the limit above is zero if and only if o; = 0. Thus, there
exists an SU (2)-orbit of codimension 1. From the convergence of X35 to X3 ., we finally

deduce that the limit metric is invariant under a cohomogeneity-one U (2)-action. [
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Since the limit manifold M, is non-compact and simply connected, from the cohomo-
geneity one U(2) action we derive that either M, is foliated by principal orbits, in this
case M, = R x S3, or there exists a singular orbit Ysing- From now on we assume
that the action admits a singular orbit for the case of the cylinder can be dealt with simi-
larly. As discussed in Section 2.2.1, we can diagonalize the Ricci flow limit and use the
extra-degree of symmetry provided by the Killing vector field X ., to write the solution

as
Joo(t) = foo(roo,t)drzo + bgo(roo,t) (01 @01+ 09 @ 09) + cgo(roo,t) 03 ® 03,

where {o;} is the coframe dual to the Milnor frame {X; ..} of left-invariant vectors in-
duced by the right-invariant Killing vectors {Y; .}, while roo(-) = dg_(0)(ZEsing, ). In
particular, we have ¢, = | X35 |co in the space-time. Thus cj — Cs ON compact sets
and one obtain an analogous conclusion for b; — b, once the points p; are chosen of the
form ((s¢);, e), with e the identity in SU(2).

Let zoo € Yging and let z; = P;(2o). If, for a contradiction, there exists ¢ > 0
such that dg;0y(0,z;) > 2¢, then we could find points Z; satisfying dg;0)(2;,2;) = €
with ¢;(Z;,0) < ¢;(#;,0). By the monotonicity of the warping coefficients it follows that
on M, there exists a point Zo, € S;_(0)(Xsing, €) such that ¢, (Zs,0) < 0, which is a
contradiction. Thus both b, and ¢, vanish at Xy,,, meaning that M, = R* and hence

Ysing = 0. From the same argument we deduce that the radial coordinates

5i(+) = dg;(0) (0, ®5(-))-

converge to r, in C° on compact sets.

We know that b; and ¢; converge to b, and c., respectively in C” on compact sets.
Consider 0 < 6 < D. Once again by (3.20) we see that b,(+,0) is uniformly bounded
from above on By, o)(0, D). The cohomogeneity one action implies that b, is bounded

away from zero in B,_()(0o0, D) \ By (0)(0c0, 9) thus yielding

inf b;(-0) > a(6,D) > 0.
ng(O) (ovD)\ng (0) (0,9)
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A similar estimate holds for ¢; as well. The latter bounds, along with (3.19) and Shi’s

derivative estimates yield

sup |V]gcoo(0)sj} < a(k,d,D) < oo,
By, (0) (000, D)\ By (0)(000.0)
for any positive integer k. Therefore s; — r., smoothly on compact sets away from
the origin. By a similar argument the C°-convergence of ¢; o s; t0 ¢, and b; 0 s; t0 by,
respectively are in fact smooth on compact sets away from the origin. One can finally
check that £; o s; converges smoothly on compact sets away from the origin to {,, =
|0,

. The boundary conditions at the origin and the uniform bounds on the curvature

oo‘goo

allow to extend the convergence at the singular orbit o, as well. O

Remark 3.8. According to the compactness property, whenever a family of warped
Berger Ricci flows satisfies the assumptions as in the statement, then the pointed Cheeger-

Gromov limit is attained by parametrizing the radial distance function.

We dedicate the end of this section to proving that as a consequence of the rotational
symmetry type of estimates in Lemma [3.11] Corollary [3.20] the scale-invariant lower
bounds for the spatial derivative b, in Lemmas and the compactness result
in Proposition any Ricci flow solution considered so far has curvature uniformly

bounded in the space-time.

Proposition 3.27. If (R, g(t))>o is the maximal Ricci flow solution evolving from some

go belonging to either G, or Gaf, then

lim sup (sup\ng(t)\g(t)) < 0.
t /oo R4

Proof. In the following we provide the details for the case gy € Gi. The proof in the
asymptotically flat setting only requires to replace the analysis of Section 3.4 with its
counterpart in Section 3.3. Assume for a contradiction that the curvature becomes un-
bounded. The solution then develops a Type-II(b) singularity. Following Chow and
Knopf| [2004][Chapter 8] we deduce that there exists a space-time sequence (pj,t;),

with ¢; — oo, such that for all ¢ > 0 the Ricci flows g;(t) = \;g(t; + A;'t), where
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A; = [Rm|(p;, t;), satisfy
sup [Rmg, 4)[g,) < 1 +¢, (3.26)

R4x T
for all j > jo(e, I), with I some interval. In particular, if the curvature diverges along
some sequence of times, then we can choose space time points (p;, t;) such that \;  co.
We now check that we can apply the compactness result to the sequence of Ricci flows on
a given interval / > 0.
By Lemma the sequence of solutions has monotone coefficients. From (3.26) and

Lemma we also see that (3.19) and (3.20) respectively are satisfied. From Corollary

3.21|it follows that c(p;,t;) — 0 because \; — oo. Thus, we can use Corollary to
deduce that b(p;, t;) — 0 and hence that

b3 (p;,0) = N (pj, t5) = N (py, t5)u™>(ps, 1) < a(1 + ab)?(p;,t;) < a,

for some o > 0. Since the roundness ratio is scale invariant and c(p;, t;) is converging
to zero, we can again apply Corollary - 3.20| to derive that u(p;,t;) — 1. Finally, Lemma
3.24|implies that b,(p;,t;) > /2 for j large enough.

Therefore, the assumptions in Proposition [3.25] are satisfied and we can hence apply a
diagonal argument and pick a subsequence converging to an ancient Ricci flow solution

(Moo, goo(t), Doo)t<o of the form
Goo(t) = Eoo(Too, 1)dr2, + b2 (1o, ) (01 @ 01 4+ 09 @ 03) + 2 (Too, t) 03 @ 3.
The convergence of the warping coefficients and Corollary yield:

L1 —uw) (@) = lim — (1 - uy) (3;(g).1)

Coo j—=oo ¢
(6%
= lim 1—u)(s;(q),t; + X\:'t) < lim —= =0,
Pt )\jc< ) (55(9), j )—j_mo y

for any ¢ € My, and t < 0. Therefore (M, go(t)) is a k-non collapsed - being the

limit of a blow-up sequence - rotationally symmetric ancient solution to the Ricci flow
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and hence a x-solution by [Zhang| [2008]]. In particular, from Lemma[3.24 we get

(boo)s(g,) = lim (bou™")(s;(q), t; + ;') = 8 >0,
Jj—o0
where we have used that by the rotational symmetry of the limit the scale-invariant quan-
tity u(s;(+),t) is converging to 1. We conclude that b., = c,, grow at least linearly and
hence that the limit ancient Ricci flow is a non-compact «-solution with positive asymp-
totic volume ratio. A rigidity result of [Perelman, 2002, Proposition 11.4] implies that

g0 (t) needs to be flat, which contradicts the choice of the factors ;.

3.6 Ancient solutions opening faster than a paraboloid

In this section we prove that the only complete, warped Berger ancient solution with
monotone coefficients, curvature uniformly bounded in the space-time, bounded Hopf-
fiber and opening faster than a paraboloid in the directions orthogonal to the Hopf-fiber is
the Taub-NUT metric. The main idea consists in showing that for any ancient solution be-
longing to this class, the warping coefficient b is actually a linear function of the distance
in any region where the squashing factor w is small. In other words, the ancient solu-
tion behaves exactly as the Taub-NUT metric along the S?-directions whenever b is large.
Once such control is available, one can consider scale-invariant first-order quantities de-
rived from the hyperkihler odes (3.3), (3.4)), and prove that they have a sign on the ancient
solution, the aim being to finally show that is in fact satisfied in the space-time.

It is worth outlining a strategy we often use in the following which was adopted
in Appleton| [2019] to prove a uniqueness result for the Eguchi-Hanson metric, with a
substantial difference given by the assumption of k-non-collapsedness as we describe
below.

Suppose that we are given a geometric scale-invariant quantity £ and that we want
to prove that £ > 0 in the space-time R* x (—o0, 0]. Once we know that £ is uniformly
bounded and that, say, 0;£ > 0 at any negative minimum, one might try to apply a max-
imum principle argument to the evolution equation of £. In general though, the infimum

of £ may not be achieved. In this case, one could consider a space-time sequence (p;, ¢;)
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such that £(p;,t;) — inf £ < 0 and define the Ricci flow sequence g;(t) = g(t; + ),
centred at p;. If the compactness result in Proposition[3.25holds, then on the limit ancient
Ricci flow the analogous quantity £, achieves its (negative) infimum in the space-time,
thus allowing to rely on maximum principle arguments to obtain the contradiction.

This is exactly the strategy used in |Appleton| [2019]. However in that case the an-
cient solutions analysed are all non-collapsed and hence the roundness ratio is a priori
controlled from below away from the singular orbit uniformly in time, meaning that the
compactness property can be applied for any sequence of Ricci flows as above. On the
contrary, in our collapsed setting we always need to verify that the squashing factor u
stays away from zero along the space-time sequence (p;, t;) used to approximate the infi-
mum of £ so that the compactness result can indeed be used.

The latter represents the main difficulty when analysing the collapsed case and the
requirement on the ancient solution to open up faster than a paraboloid along the S2-
directions allows us to bypass this issue. In fact, the application of the compactness result
in Proposition yields that for any ancient solution opening faster than a paraboloid
the hyperkihler quantity J, given in (3.4) is nonnegative. On the gradient steady soliton
found by Appleton instead we find that J, approaches its infimum -2 at spatial infinity on
any time-slice, thus along space-time sequences where the squashing factor u becomes
degenerate.

In order to ease the notations, we give the following:

Definition 3.7. Let m > 0. The class A consists of all complete, warped Berger ancient
solutions to the Ricci flow with monotone coefficients and curvature uniformly bounded

in the space-time, satisfying

byu?
inf - >0 3.27
R4X1£m,0] flu=t) ’ (3.27)
sup c=m", (3.28)
R4 X (—00,0]

for some continuous positive function f such that f(z) — oo as z — oc.

Remark 3.9. We again point out that (3.27) means that the warping coefficient b opens
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faster than a paraboloid in R3 on any time-slice. In particular, the volume of geodesic
balls Byqy(o,r) grows faster than r2. However, a priori there is no upper bound for the

volume growth.

We start by proving that the first order derivatives are uniformly bounded. In fact,
from the following estimate we also derive that ¢, decays at some rate in any space-time

region where the squashing factor is small.

Lemma 3.28. If (R*, g(t));<o is an ancient solution in A, then
2bs + cou~' — 4 <0.

Proof. Let h denote the quantity 2b, + c,u~! — 4. By the boundary conditions we see that
h(o,t) = —1. Thus, if & is positive somewhere in the space-time, then there exist p € R*

and ¢t < 0 such that h(p,t) > 0 and hs(p,t) > 0. The latter condition implies

bS S -t
<2b55 + ot + ¢ (— _ o )) (p,t) > 0.

C Cc

Therefore, the scalar curvature (2.13) is bounded from above as follows:

2
R(p,t) < W (—bscsu_l —(csu™)? +4 —u? — bg) (p,t).

Since h(p,t) > 0, we get

2 3
R(p,t) < » (—4 - Z(Csu_l)Q +4— u2> (p,t) <O.

However, according to |Chen| [2009] any complete ancient solution to the Ricci flow has

nonnegative scalar curvature. We conclude that 4 < 0 in the space-time. [

Since we aim to prove that J, > 0 for any ancient solution in .4, let us consider the

evolution equation of J, = b; + u — 2 at any negative minimum:

1
O Jalmin<o = 75 (—(csu™)?(2 + Jo) + ¢5(8 + 4J2))

1
+ 3 (—J3 — 6J5 — 8J5 — 3Jou® — 6u?) .
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We simplify the evolution equation by introducing z = J; + 2 > 0. Then we obtain

z
O J2|min<o > T2 ((Csufl)z —deg+ 22— 4+ 3u2) . (3.29)

In order to prove that the c¢,-quadratic is always negative along an ancient solution in A,
one needs to control ¢, in terms of b, and u in a precise way everywhere in the space-time.
To this aim, we first show that ¢, decays to zero at the same rate given by the hyperkihler

quantity (3.3) for any solution in A.

Lemma 3.29. If (R*, g(t));<o is an ancient solution in A, then

cs — 2u? < 0.

Proof. Let ¢ = ¢, — 2u” and let Wy = SUPga,(_o0 0 ¥- From Lemma it follows
that W, is bounded and we can hence assume for a contradiction that W, > 0. By direct
computation we check that the evolution equation of v at any positive maximum is given

by
Ot Ylmax < b% (—cs (6u® + 207) + 8byu® + u® (807 — 8bscsu™" — 16(1 — u?))).

Since ¢, > 2u? at any positive maximum of 1, we find

1

Op ¥lmax < 0 (4b2u® — 8byu® — 16u” + 4u?)
4u?

Finally, we note that the quadratic on the right hand side is always negative because
0 < bs < 2by Lemma Therefore, we have shown that 9;1) < 0 at any positive
maximum. Let now (p;,t;) be a space-time sequence satisfying 1)(p;,t;) — ¥. From

Lemma[3.28 we derive

Vo,
4 > csufl(pj,tj) > Tu71<pj7tj)7



3.6. Ancient solutions opening faster than a paraboloid 156

for any j large enough. Thus u(p,,t;) > W /8 for j large enough. Since c is uniformly
bounded in the space-time, the latter also yields b(pj, tj) < 8m~! /.. Moreover, by the
uniform lower bound for v and we obtain by(p;,t;) > ¢, for some € > 0. We can
then apply the compactness result in Proposition to the sequence (R*, g;(%), p;)i<o
with ¢;(t) = g(t; + t), and deduce that there exists a warped Berger ancient solution

(Muo, goo (1), Poo )t<0, With M, = R* or M, = R x 53, satisfying:

1/}00(]70070) = ((Coo)s - 2U§o)(po<>70) = sup ¢oo = \IJoo > 0.
Moo X (—00,0]

However, from the previous calculations we see that

at ¢00|\poo < 07

hence arriving to a contradiction. 0

While the previous Lemma gives us a precise upper bound for ¢, in terms of u, in

order to control (3.29) at any negative minimum we also need a lower bound for c,u™!.

Thus, we consider the difference between J, and Jyu .

Lemma 3.30. If (R, g(t)):<o is an ancient solution in A, then

Jo—Jwwt=b,—cout —2(1—-u) <0

Proof. Let ¢ denote J, — J;u~!. By Lemma we get that ¢ is uniformly bounded in
the space-time. Suppose for a contradiction that @, = SUPR . (_ o) @ IS positive. Given

a space-time sequence (pj;, t;) such that ¢(p;,t;) = ®o., from Lemma we find

. csu”t 3 _
- < o(pj,t;) = (bs t 5 — 2 o '+ 2“) (pj:t5)

3
< <—§CSU_1 + 2u) (pj, t5)
Thus u(p;,t;) is uniformly bounded along the sequence. We may then use (3.27) as in

the proof of Lemma [3.29|to deduce that the compactness result applies to the sequence of

ancient Ricci flows translated by times ¢; and centred at p;. In particular, there exists a
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limit warped Berger ancient Ricci flow (M, goo (1), Poo )t<o Such that

¢oo(poo>0) = ((boo>s - (Coo)sugol - 2(1 - uoo)) (pooao) = sup ¢oo = CI)oo > 0.
Moo X (—00,0]

Thus, it remains to check that ¢, cannot achieve a positive supremum along a warped
Berger ancient solution as in A. In fact, we show that for any complete, warped Berger
ancient Ricci flow with monotone coefficients ¢, never attains its positive supremum in
the space-time.

We compute the evolution equation of ¢, at a positive maximum and we drop the oco-

subscript from the notation:

at(b‘max < b% (bs (4 - bz — (Csuil)Q — 14u2)>
+ b_12 (esu™ (02 + (csu™)? + 4 + 6u?))
+ b—12 (2u (=367 — (cou™)? + dbseu™' +4(1 —u?))) .

At any positive maximum of ¢ we can bound the evolution equation by

1
0t ®|max < 02 (4(1 —u) <_ (cou™" — u)2)>
+ Z;% (_¢2 - ¢(6 + 2Csu_1> - 2(csu_1)2 — SCsu_l + 4c, — 8 — 2u2) <0.

Therefore, given a warped Berger ancient solution with monotone coefficients the geo-
metric quantity ¢ cannot achieve its supremum in the space-time. This completes the

proof. ]

We may now go back to the evolution equation of J at a negative minimum (3.29).

The roots of the c,-quadratic are

s = u? (2 +/T+u2(d— 22)) .
From Lemma we immediately derive that

cs < 2u* <y,
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for any Ricci flow in A. According to Lemma [3.30] in order to prove that ¢, > y_

everywhere in the space-time, it suffices to show that

Y- < bsu — 2u(1l — u). (3.30)

The latter is equivalent to

T+u(2—2) </1+u2(4—22).

After taking the square of the equation and rearranging the terms, we see that (3.30) holds
if and only if
20 (2 —2)(1 — zu™t) <0,

which is indeed satisfied because by definition zu~! = (b + u)u™' > 1 and at any
negative minimum of J, we have z < 2. Therefore, we conclude that ¢; € (y_, y.) in the
space-time.

To sum up, we have shown that:

Lemma 3.31. Given an ancient solution to the Ricci flow in A, the evolution equation of

Jo at any negative minimum satisfies
at J2|min<0 > O

The final and most difficult step consists in proving that, up to passing to a subse-
quence, the hyperkihler quantity J, always attains its infimum on any ancient solution in
A. We emphasize that any conclusion achieved so far does extend to the steady soliton
found by Appleton| [2019]]. Explicitly, one may check that in order to apply the compact-
ness result for proving Lemmas and it suffices to require b,u~! to be uniformly
bounded from below in the space-time, which holds along the soliton because it opens
as fast as a paraboloid at spatial infinity. However, along the soliton the infimum of J,
is —2 and is never attained in the space-time. Indeed, along any space-time sequence
(pj, t;) satisfying Jo(p;,t;) — —2 the roundness ratio u becomes degenerate. Thus, we

see once again that in the collapsed setting the main issue consists in verifying that geo-
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metric quantities do attain their infimum (supremum) in regions of the space-time where
the squashing factor stays positive. This is where the condition (3.27)), with f diverging
to infinity when u~! — oo, plays a role via a sort of approximation method to show that,
in fact, for any solution in A we have

u~l—00

Equivalently, below we prove that for any ancient solution in .A the warping coefficient
b in the directions orthogonal to the Hopf-fiber grows linearly in space, meaning that the
volume of geodesic balls By (0, r) behaves like r* for any radius r large enough and on

any time-slice.

Proposition 3.32. If (R*, g(t))¢<o is an ancient solution to the Ricci flow in A, then there
exists 0 > 0 satisfying

inf  u(by —2) > —o0.
R4 x (—00,0]

Proof. For any 0, ¢ > 0 we define
Woe = u™? (ebsif1 + b, — 2) ,

and

Q(;’E = inf Ws,e-
R4 % (—00,0]

In the following we always take {15 to be negative. From (3.27) we see that there exists
B > 0 such that
wie 2 u" (e(Bf(u™)) +bs = 2)

with f(u™') = oo as u~! — oo. Thus, given § and € positive constants, the quantity €2
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is finite. Given a negative minimum point for ws ¢, the evolution equation becomes

- b €u
Ws,e
bQ

b, —1-6 -1 -1
+ 2 (2626— +(cu (=2 + 2—))

1 -1
Wse €U cu
Os.c|min<o > <b§(52 +26 + 25—1 - —) + (cou™)?(8° + 25—+ — )>

-1

%) —45(1 - u2)>

€U~

(bscsul(—252 —20 — 49

b2 1+eut! 1+ eu!
ebgu™'70 eu~! ) )
B (—41 m cbscsu™ — 2u”)
eu~
1
b2 (decou™ + desu'° + bu (4 — b2 — (cu™')? — 6u?)).

Since b, and ¢, are nonnegative and w; . < 0, we may bound the right hand side by:

Ouosclminco > 2 (125 42 4 2y 4 (e (5 + 25—y — a1 — )
W§,¢ |min CsU —u
£6,¢ min<0 b? s 1+ eut? 1+ eut?
ebsu_1_5 —1\2 Eu_l -1 2
+ T (—Q(CSU ) — 4mbscsu — 2u )

1 _ _
+ = (bsu 04 — 0% — (cou™)? — 6u’)) .

We note that

bou™0(4 — b?) = (> + 2b,) (—wse + ebu™70) > — (b 4 2b,)ws.e.

Since by Lemma by < 2, if we take J positive such that 2 — 62 — 46 > 0, then we can

write

) w(;e eut
045 | min<o > | ( 2@) +4(1 - ug))

-1
( 2(ceu™t)? — 4Lbsc ut — 2u2)

ebgu=179

B
+bl—2(—bsu_5(( cou™ )+ 6u?)) .

1+eu 1777

By Lemma we see that [c;u™| < 2u. Moreover, whenever ws. < 0 we have

ebsu~! < 2. Since by the condition we set previously § < 1, we can bound the evo-
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lution equation by

5 |(,L)57€ |

b2

2u~0
b2

+ biQ (—2u~(4u® + 6u?)) .

Oyws | min<o > (—12u® +4(1 — u?))

_|_

(—8u® — 16u — 2u?)

Finally, we observe that |ws | < 2u~9 at any negative minimum. Therefore, from the evo-
lution equation we deduce that if |ws .| = (s, for some {25 large enough and independent
of ¢, then

1
az‘,fv‘-)zs,e‘min:fﬂ(;<0 > b_2 (595 - 1) > 0.

Let (p;,t;) be a space-time sequence satisfying ws(p;,t;) — 5. < 0. According to
the squashing factor is bounded away from zero by some positive quantity depend-
ing on € along the given sequence. From we then derive that b(p;,t;) < a(e) < oo.
Again by the constraint in the spatial derivative b; has a uniform lower bound
along the sequence because u is non-degenerate. Since the ancient solution belongs to .4
we deduce that we may apply the compactness result in Proposition [3.25]to the sequence
(R* g(t; + t),p;)i<o and conclude that there exists a warped Berger ancient solution
(Moo, goo(t), Doo ) <o such that

(wé,e)oo(pooa O) Moo >1<I(1—oo,0] (wé,e)oo d,€ <0

From the previous analysis we derive that there exists {25 > 0 such that
at<w5,e)oo(poo7 0) > 07
when (Ws,e)oo (Poo, 0) < —s.

Thus, fixed J as above, we see that {25, > —|Qs|, for all € > 0. We then let € N\, 0

and conclude that there exists 4 > 0 such that

wso = u 0 (bs — 2) > —|Qs| > —o0.
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We now have all the ingredients to prove Theorem [3.2]

Proof of Theorem[3.2] By Proposition we know that there exist d, {25 > 0 such that
Jo > u— Q5. (3.31)

Let us set the notation inf J, = J5 and assume for a contradiction that /5 < 0. Given

(pj, t;) such that Jo(p;, t;) — J2, , by (3.31) we see that

5 < |2
upat 2_7
( J J) 295

for all j large enough. We may then argue as for the proof of Proposition [3.32] and derive

that there exists a limit warped Berger solution (M, goo(f), Poo)t<o sSuch that

(J2)oo<poo>0) = inf (J2)oo =7 <0.

Moo X (—00,0]

However, Lemma implies that 9;(J2) oo (Pso, 0) > 0. Therefore, for any ancient solu-

tion in A we have J, > 0.

Claim 3.33. Let (R*, g(t)):<0 be a complete, bounded curvature warped Berger ancient

solution to the Ricci flow. Assume that there exist r > 0, to < 0 such that

J2('7 to) ‘Bg(to)(l)?r) > 0.

Then g(t) = g is Ricci-flat.

Proof of Claim[3.33] Since the curvature is bounded, we may apply I’Hopital rule and

find that the scalar curvature at the origin is given by:

R(o,t) = —4(css5(0,t) + 2bgss(0,1)).
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In particular, we derive that

(1)s(0.1) = 5 (c5s(0.0) = buslo,1))

Therefore, we get

(JQ)S(O’t) =0, (J2>ss(0at> = % <2bsss<07t) + Csss(o,t)) = _R(1027 t) .

Since from the boundary conditions we see that Jy(0,¢) = 0, from the assumption we
deduce that the origin must be a local minimum for Jy(-, to), meaning that (Js)ss(0, t9) >
0 and hence R(o,t;) < 0. By Chen [2009] and a standard application of the strong
maximum principle to the evolution equation of the scalar curvature we conclude that the

ancient solution is in fact a stationary Ricci flat metric. [

By Claim [3.33]any ancient solution in .4 is Ricci-flat. Accordingly, we drop the time-
dependence and we simply write g. Suppose for a contradiction that J, > 0 somewhere.
From the boundary conditions we get that there exists p € R?* such that J,(p) > 0 and
(J2)s(p) > 0. Thus

u

<bss + %s - bsg) (p) >0,

and (bs + u)(p) > 2. We then obtain

Ric (X1, X1) (p) = (—bbss — bycou™ — b2 — 2u® + 4)(p)
< (s — byu — byequ™ — b2 — 2u® + 4)(p)

< (2¢5(1 —u™) + 2u(1 — u))(p) <0,

where the last inequality follows from Lemma [3.30] Therefore J, = 0 everywhere in the
space-time. Again, by Lemma [3.30| we see that J; > 0 and a similar argument yields
J1 = 0. Since the Hopf-fiber is uniformly bounded for any ancient solution in .4 and the
differential equations (3.3) and (3.4) are satisfied in the space-time, we can conclude that

g is the Taub-NUT metric of mass m, with m given by (3.28]). [
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3.7 Long-time behaviour of the Ricci flow

In this section we apply the compactness property in Proposition [3.25] and the rigidity
result in Theorem [3.2] to study the long-time behaviour of Ricci flow solutions in G;, and
in Gar. In particular, we show that any solution in G, encounters a Type-II(b) singularity
in infinite-time, which is modelled by the Taub-NUT metric in a precise way. Namely,
any solution in G converges to gryyt in the Cheeger-Gromov sense.

We recall that an immortal Ricci flow solution (M, g(t)):>( converges to a stationary
Ricci-flat metric (M., g ) in the pointed Cheeger-Gromov sense in infinite time if there
exist p € M and po, € M such that for any sequence ¢; * oo the pointed sequence
(M, g(t; +1t),p) converges to (Mu, go, Poo) in the Cheeger-Gromov sense. We point out
that for this notion of convergence we do not rescale the immortal solution, so that if g,

is non-flat, then ¢(t) develops a Type-1I(b) singularity in infinite-time.

3.7.1 The positive mass case

In the following we focus the attention on Ricci flow solutions starting in G;. We recall
that any metric in Gar with positive-mass belongs to Gy. We first prove that the mass of
any Ricci flow solution in Gy, is in fact preserved in any region where b is large, uniformly

in time.

Lemma 3.34. Let (R, g(t))i>0 be the maximal Ricci flow solution evolving from some
9o € Gy with mass my,. There exists v > 0 such that for all v < (m,,) "' we have

inf 0"(c—7)> —oc.
iy () > T

Proof. Givenv > 0and y < (my,) " welet f = b(c—~). From Lemma 3.18| we derive
that f(s,t) — oo at spatial infinity on any time-slice. Assume that there exist p, € R*

and to > 0 such that f attains a negative minimum at (py, to). The evolution equation of

fis

O f (po, to) > b_12 (f <V2b§(1 i 7) + 2vu? — 41/) — 2u2b”c) .
c

If | f(po, to)| is large, then b(po, to) is large too. Thus, from the rotational symmetry type
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of bounds in Corollary [3.20| we see that

Therefore, we obtain

A f (po, to) > |bi| (—(1 + a)v?b? — %qu"fy - 21/) :

Since by Lemma the derivative by is uniformly bounded in time, we may pick v > 0

small enough such that

O f (pos to) > % (V — 2%) .

Finally, once we let | f| be sufficiently large depending on the choice of v and on the value

of my,, we conclude that 9, f (po, tg) > 0, which completes the proof. O

We may now prove that any Ricci flow in G, converges to gryyT in infinite-time.

Proof of Theorem[3.3] Lett; / oo and consider the pointed sequence of Ricci flow so-
lutions (R*, g;(t),0)sc(—,,0» With g;(t) = g(t; +t). According to Proposition the
curvature is uniformly bounded along the sequence. Moreover, the first order derivatives
are controlled in the space-time by Lemma From the boundary conditions we also
derive that conditions (3.21), (3.22) and (3.23)) are satisfied by the sequence given above.

Therefore, after a diagonal argument we deduce that (R*, g;(¢), 0) converges to an ancient
solution (R*, g..(t),0):<o as in Proposition In particular, (R*, g ()):<o is a com-
plete, warped Berger ancient solution with monotone coefficients and curvature uniformly
bounded in the space-time. Moreover, from the convergence of the warping coefficients
given by Proposition we find that ¢, < m;ol. By Lemma and the bound on the
Hopf-fiber we know that b, diverges at spatial infinity on any time-slice. According to

Lemma and Lemma [3.34] we may pick A > 0 small enough and o > 0 such that

o

(bm)su;ol > IOg(bOO) - bT
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and
1
c Mg _ @
2 b2,

Let V), be the space time region where b}, > 4(a + 1)(my, + 1). Thus, in V) we get
-1 -1 1 -1 1
(boo)stice 2 log(ugy) +1og(co) — 7 2 log(usg) — log(myg,) —log(4) — -

Since by Lemma we have (bo)suzl > 3, for some 3 > 0, we conclude that there

exists a continuous function f : [1,00) — R.q, with f(z) — oo as z — oo, such that

(bs)oouo_ol > f(u;ol)

in R* x (—o0,0]. Therefore, the limit ancient Ricci flow (R*, g, ()) belongs to A (see
Definition [3.7). By the rigidity property in Theorem [3.2] we see that g..(t) is the Taub-

NUT metric grnyt of mass exactly my, as follows from Lemma [3.34} O

Remark 3.10. We note again that the argument above works for any asymptotically flat

Ricci flow with positive mass, hence proving (i) of Theorem as well.
We also get:

Proof of Corollary[3.4] Let gy € Gy be as in Lemma We can then apply Corollary
[3.8] and Theorem [3.3]to derive that the maximal complete, bounded curvature Ricci flow
solution starting at gy is immortal and converges to grnyT in the pointed Cheeger-Gromov

sense as t " oo. O

3.7.2 The zero mass case

In order to prove that any asymptotically flat Ricci flow with Euclidean volume growth,
or equivalently zero mass, encounters a Type-III singularity in infinite-time, we first show
that the roundness ratio converges to 1 uniformly in any space-time region where b is

large.

Lemma 3.35. If (R?, g(t)):>0 is the maximal Ricci flow solution starting at some gy € Gar
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with zero mass, then there exists v > 0 such that

sup  b7(1 —u) < 0.
R4 x[0,00)

Proof. Let € > 0 satisfy supga(dy,(0,-))* |Rm|,(-) < oco. If we pick 0 < v < ¢,
then we may apply 1’Hopital formula to ”(1 — ) and use (2.12) to derive that b” (1 — u)
converges to zero at spatial infinity. Since by Lemma [3.9] the decay of the curvature
persists in time, such conclusion holds along the solution. At any positive maximum
point we have

b (1

Gkl (VP02u™t — v + 200 — 4u(l +w)) .

at(by<1 _u))|max < b2

We may take ¥ < 1 and hence write

M (Vzbiu_l —4v — 4u) .

8t(b’/(1 - u>>|max < b2

We note that from Lemma [3.3]it follows that u(-,0) > € > 0 in the zero-mass case. Thus,
we may apply (iii) in Lemma[3.7]and Lemma [3.11]to write

(1 —u

V(] —
72 ) (ugbgs_l —4v — 46) < —b (1=

O (b (1 — u))[max < b2

(au25_1 —4v — 45) ,

which is negative whenever v is sufficiently small depending on € and a. 0

As a consequence of the previous result, we prove that the squashing factor u con-

verges to 1 as time goes to infinity.

Corollary 3.36. If (R*, g(t))s>o is the maximal Ricci flow solution starting at some gy €

Gar with zero mass, then there exist 5 > 0 and 6 > 0 such that

for all times t > (.

Proof. Consider the function & = 1 — w. In the zero mass case we have h(o,t) = 0 and
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h(s,t) — 0as s — oo, for all positive times. At any positive maximum we may compute
that:
1
O(1 — ) |max < W (—4u(1 — u2)) )

From Lemma we see that b < (1 — )™, yielding

(1 — ) |max < (-%) du(l — u?)

Since the roundness ratio is uniformly bounded from below by Lemma we find that

there exists € > 0 such that
4 241 241
Ol —u)|mx < — | —e(l4¢) ) (1 —u)r ™ < =B(1 —u)»".
«Q

We may then apply the maximum principle and integrate the previous relation to obtain

B

(1 - u)max(t) S ma

up to choosing [ large enough. [

We finally prove that any immortal Ricci flow in Gag with zero mass encounters a

Type-I1I singularity at infinite time.

Proof of (ii) in Theorem[3.1} Given an immortal Ricci flow solution (R*, g(¢));>( starting
at go € Gar With mgy, = 0, let us assume for a contradiction that there is a Type-II(b)
singularity at infinite time. One can then argue as for the proof of Proposition and
deduce that there exists a space-time sequence (p;, t;), with t; * oo, such that the pointed
sequence (R*, g;(t),p;), defined by g;(t) = X\;g(t; + t/N;), where \; = |Rm|(p;,;),
converges to an eternal Ricci flow solution (Mo, goo (%), Poo). By Lemma[3.5/and Lemma
there exists £ > 0 such that

u(7t) >e>0,

for all times ¢ > 0. We may then apply Lemma and derive that (3.21)), (3.23) are
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satisfied along the Ricci flow sequence. From Corollary [3.14] we also get

p]7 = b p]’ \/ CQ‘RmDQ?J? ) (pj,t ) < ae 17

for some o > 0. Therefore, the compactness result in Proposition [3.25]holds and we may
hence use Corollary to deduce that (Moo, goo (1), Poo )ier 18 an eternal warped Berger

solution to the Ricci flow such that

(1 = uoo)(g, 1) = lim (1 —u)(s;(q), 15 + 1) =0,

J—00

for all ¢ € M, and for all ¢ € R. Thus g..(t) is rotationally symmetric. Since by
Lemma we see that g..(f) has Euclidean volume growth, we can follow the proof of
Proposition to conclude that g..(¢) is flat, therefore contradicting the choice of the
rescaling factors.

We have shown that for any Ricci flow solution starting at some gy € Gag With zero
mass, the singularity forming at infinite time is of Type-III. Given t; , 0o, the Ricci flow
sequence (R?, g;(t),0)ic(—, 0 satisfies the assumptions in Proposition and hence
converges to a warped Berger solution (R*, g, (t), pso ). From the Type-III condition we

see that |[Rmy| (-, t) = 0, meaning that (M, g~) is the Euclidean space. N



Conclusions and future directions

In this thesis we have analysed families of cohomogeneity one Ricci flows. We have
shown that for (complete, bounded curvature) SO(n + 1)-invariant Ricci flows on R™*!

and warped Berger Ricci flows on R* the following property is satisfied:

If the length of the Killing vectors grows monotonically with the distance from the
singular orbit, then the behaviour of the Ricci flow solution can be characterized in terms

of the asymptotics of the initial metric at spatial infinity:

(1) If the Killing vectors are bounded on the manifold, then the Ricci flow solution
encounters a Type-II singularity with the curvature slowly concentrating at the sin-

gular orbit.

(1) If instead the curvature of the input metric decays at spatial infinity and the injec-

tivity radius is positive, then the flow is immortal.

Comparing this pattern with analogous conclusions arising from the analysis in|Ap-
pleton| [2019]], we expect this characterization to hold for more general cohomogeneity
one Ricci flows, provided that the solutions can still be diagonalized with respect to a
time-independent frame and minimal principal orbits can be avoided along the flow. In
particular, for any such flow no region around the singular orbit should stay smooth if
the flow becomes singular.njh The topology of the singular orbit determines then the type
of singularity, as for the self-intersections of the minimal S? in the analysis of Maximo
[2014]] and Appleton! [2019] respectively. Moreover, for non-trivial singular orbits we
expect symmetries to not be enhanced, meaning that the singularity model would belong

to the same class of cohomogeneity one manifolds according to compactness properties
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similar to Proposition [3.25] This would lead to investigating when non-collapsed coho-

mogeneity one steady solitons can appear as Type-II singularity models.

For what concerns infinite-time singularity models instead, we stress that the fact that
the Taub-NUT metric is hyperkéhler played a fundamental role because it allowed us to
reduce the convergence to studying first order quantities. We expect the strategy described
in Chapter 3 to apply to more arbitrary cohomogeneity one Ricci flows satisfying the
conditions in (ii) above and admitting fixed points with integrable constraints. We also
point out that any potential generalization of the rigidity type of result in Theorem [3.2]to
more general cohomogeneity one (or higher) families of ancient Ricci flows would still
need to depend on a delicate analysis of the space-time region where sizes of orthogonal

Killing vectors are no longer comparable.
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